ON THE GEOMETRY OF PREQUANTIZATION SPACES 



MARCO ZAMBON AND CHENCHANG ZHU 



Abstract. Given a Poisson (or more generally Dirac) manifold P, there are two ap- 
proaches to its geometric quantization: one involves a circle bundle Q over P endowed 
with a Jacobi (or Jacobi-Dirac) structure; the other one involves a circle bundle with a 
(pre)contact groupoid structure over the (pre)symplectic groupoid of P. We study the re- 
lation between these two prequantization spaces. We show that the circle bundle over the 
(pre)symplectic groupoid of P is obtained from the Lie groupoid of Q via an reduction 
that preserves both the Lie groupoid and the geometric structures. 
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1. Introduction 

The geometric quantization of symplectic manifolds is a classical problem that has been 
much studied over years. The first step is to find a prequantization. A symplectic manifold 
{P,uj) is prequantizable iff [uj] is an integer cohomology class. Finding a prequantization 
means finding a faithful representation of the Lie algebra of functions on (P, uj) (endowed 
with the Poisson bracket) mapping the function 1 to a multiple of the identity. Such a 
representation space consists usually of sections of a line bundle over P [l^, or equivalently 
of S'^-antiequivariant complex functions on the total space Q of the corresponding circle 
bundle [E]. 
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For more general kinds of geometric structure on P, such as Poisson or even more generally 
Dirac |5j structures, there are two approaches to extend the geometric quantization of 
symplectic manifolds, at least as far as prequantization is concerned: 

• To build a circle bundle Q over P compatible with the Possion (resp. Dirac) structure 
on P (see Souriau [18] for the symplectic case, [l2][2n][l] for the Poisson case, and 
[25] for the Dirac case) 

• To build the symplectic (resp. presymplectic) groupoid of P first and construct a 
circle bundle over the groupoid [24], with the hope to quantize Poisson manifolds 
"all at once" as proposed by Weinstein [23]. 

We call Q as above a "prequantization space" for P because, when P is prequantizable, 
out of the hamiltonian vector fields on Q one can construct a representation of the admissible 
functions on P, which form a Poisson algebra, on the space of anti-equivariant functions 
on Q (see Prop. 5.1 of [25]). Usually however this representation is not faithful. 

Since the (pre)symplectic groupoid '^s{P) of P is the canonical global object associ- 
ated to P, the prequantization circle bundle over Tg^P) can be considered an "alternative 
prequantization space" for P. Furthermore, since there is a submersive Poisson (Dirac) 
map Ts{P) — > -P, the admissible functions on P can be viewed as a Poisson subalgebra 
of the functions on Ts{P)^ which can be prequantized whenever Ts{P) is a prequantizable 
(pre) symplectic manifold. The resulting representation is faithful but the representation 
space is unsuitable because much too large. 

In this paper we will not be interested in representations but only in the geometry that 
arises from the prequantization spaces associated to a given a Dirac manifold (P, L). Indeed 
our main aim is to study the relation between the two prequantization spaces above, which 
we will explain in Thm. [121 Thm. gjand Thm. WT\\ 

We start searching for a more transparent description of the geometric structures on the 
circle bundles Q, which are Jacobi-Dirac structures |25] L . This will be done in Section 
[2j both in terms of subbundles and in terms of brackets of functions, paying particular 
attention to the Lie algebroid structure that L carries. 

Secondly, in Section [3l we relate the Lie algebroid L associated to Q to the Lie algebroid 
of the prequantization of Ts{P)- We do this using precontact reduction, paralleling one 
of the motivating examples of symplectic reduction: T*M/ /qG = T*{M/G). This gives 
us evidence at the infinitesimal level for the relation between the Lie groupoid associated 
to Q and the prequantization of Ts{P). The latter relation between Lie groupoids will be 
described in Section [4], again as an precontact reduction. We provide a direct proof in 
the Poisson case. In the general Dirac case, the proof is done by integrating the results of 
Section [3] to the level of Lie groupoids with the help of Lie algebroid path spaces. As a 
byproduct, we obtain the prequantization condition for Vs{P) in terms of period groups on 
P. Then we show that this condition is automatically satisfied when the Dirac manifold P 
admits a prequantization circle bundle Q over it. This generalizes some of the results in [8] 
and [2]. 

This paper ends with three appendices. Appendix [A] provides a useful tool to perform 
computations on precontact groupoids, and Appendix[B]describes explicitly the Lie groupoid 
of a locally conformal symplectic manifold. In AppendixOwe apply a construction of Vorob- 
jev to the setting of Section [2l 
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Notation: Throughout the paper, unless otherwise specified, (-P, L) will always denote a 
Dirac manifold, n : Q ^ P will be a circle bundle and L will be a Jacobi-Dirac structure on 
Q. By and Tc we will denote presymplectic and precontact groupoids respectively, and 
we adopt the convention that the source map induces the (Dirac and Jacobi-Dirac respec- 
tively) structures on the bases of the groupoids. By "precontact structure" on a manifold 
we will just mean a 1-form on the manifold. 

Acknowledgements: M.Z. is indebted to Rui Fernandes, for an instructive invitation 
to 1ST Lisboa in January 2005, as well as to Lisa Jeffrey. C.Z. thanks Philip Foth, Henrique 
Bursztyn and Eckhard Meinrenken for invitations to their institutions. Both authors are 
indebted to Alan Weinstein for his invitation to U.C. Berkeley in February/March 2005 and 
to the organizers of the conference GAPS in Perugia (July 2005). Further, we thank A. 
Cattaneo and K. Mackenzie for helpful discussions, and Rui Fernandes for suggesting the 
approach used in Subsection 12.31 and pointing out the reference [21]. 

2. Constructing the prequantization of P 

The aim of this section is to describe in an intrinsic way the geometric structures (Jacobi- 
Dirac structures L) on the circle bundles Q induced by prequantizable Dirac manifolds 
iP,L), paying particular attention to the associated Lie algebroid structures. In Subsection 
12.11 we will recall the non-intrinsic construction of L given in [25]. In Subsection 12.21 we will 
describe L intrinsicly in terms of subbundles and in Subsection [23] by specifying the bracket 
on functions that it induces. 

We first recall few definitions from [25j . 

Definition 2.1. A Dirac structure on a manifold P is a subbundle of TP © T*P which is 
maximal isotropic w.r.t. the symmetric pairing {Xi ©^1,^2 ©^2)+ = ^(^X2'^i +*XiC2) and 
whose sections are closed under the Courant bracket 

[Xl(B^l,X2(B^2]cou= {[Xl,X2] © Cx,^2-Cx,^i + ^d{ix,^i-ix,^2))- 

If u; is a 2-form on P then its graph {X © uj{X,») : X G TP} is a Dirac structure iff 
duj = 0. Given a bivector A on P, the graph {A(»,^) ©^ : ^ € T*P} is a Dirac structure 
iff A is a Poisson bivector. A Dirac structure L on P gives rise to (and is encoded by) a 
singular foliation of P, whose leaves are endowed with presymplectic forms. 

A function / on a Dirac manifold {Q, L) is admissible if there exists a smooth vector field 
Xf such that Xj © d/ is a section of L. A vector field Xf as above is called a hamiltonian 
vector field of /. The set of admissible functions, with the bracket {/,<?} = Xg ■ /, forms 
a Lie (indeed a Poisson) algebra. Given a map vr : Q — s- P and a Dirac structure L on Q, 
for every q € Q one can define the subspace (7r*L)7r(q) := {it*X © : A © tt*// G Lg}} of 
TTr(q)P © T*^^-^P. Whenever tt^L is a well-defined and smooth subbundle of TP © T*P it 
is automatically a Dirac structure on P. In this case vr : {Q, L) — (P, tt^L) is said to be a 
forward Dirac map. Similarly, if P is endowed with some Dirac structure L, {Tr*L){q) := 
{Y © vr*^ : TT^Y © ^ G -^7r(g)} (when a smooth subbundle) defines a Dirac structure on Q, 
and vr : {Q,tt*L) — {P,L) is said to be a backward Dirac map. 

Definition 2.2. A Jacobi-Dirac structure on Q is defined as a subbundle of S^{Q) := 
{TQ X M) © {T*Q X R) which is maximal isotropic w.r.t. the symmetric pairing 

((Ai,/i)©(ei,5i) , (A2,/2)©(6,<?2))+ = ^{ix,Ci + ix,^2+g2fi + gif2) 
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and whose space of sections is closed under the extended Courant bracket on £^{Q) given 
by 

e (6,91) , (^2,/2) © (6,<?2)]fl(Q) = ([Xi,X2],Xi • /2 -X2 • /l) 

(1) 1 

+ M2 - /2?i + ^{92dfi - gidf2 - hdg2 + f2dgi), 

Xi ■ g2 - X2 ■ gi + ^{ix2^i - ixi^2 - /251 + fm))- 

We mention two examples. Given any 1-form (precontact structure) a on Q, Graph (^^S) C 
£^{Q) is a Jacobi-Dirac structure. Given a bivector field A and a vector field E on Q and 
with the notation := A(»,^), Graph ^^"^^^ C £^{Q) is a Jacobi-Dirac structure iff 

(A, E) is a Jacobi structure, i.e. by definition if it satisfies the Schouten bracket conditions 
[E,A] = and [A, A] = 2E A A. Further to a Dirac structure L dTQ ® T*Q there is an 
associated Jacobi-Dirac structure 

:= {(X,0) © : {X,0 € L,g gR} C £\Q). 

A function / on a Jacobi-Dirac manifold (Q, L) is admissible if there exists a smooth 
vector field Xj and a smooth function (pf such that {Xf,ipf) © {df,f) is a section of L, 
and Xf is called a hamiltonian vector field of /. The set of admissible functions, denoted 
by C^miQ)^ together with the bracket {f,g} = Xg ■ f + fipg forms a Lie algebra. There 
is a notion of forward and backward Jacobi-Dirac maps analogous to the one for Dirac 
structures. 

Definition 2.3. A Lie algebroid over a manifold P is a vector bundle A over P together 
with a Lie bracket [•, •] on its space of sections and a bundle map p : A — > TP (the anchor) 
such that the Leibniz rule [si, /S2] = psi{f) ■ S2 + f -[si, S2] is satisfied for all sections si, S2 
of A and functions / on P. 

One can think of Lie algebroids as generalizations of tangent bundles. To every Lie 
algebroid A one associates cochains (the sections of the exterior algebra of A*) and a certain 
differential dA; the associated Lie algebroid cohomology H\{P) can be thought of as a 
generalization of deRham cohomology. One also defines an A-connection on a vector bundle 
K ^ P as map T{A) x T{K) — > T{K) satisfying the usual properties of a contravariant 
connection. 

A Dirac structure L C TP © T*P is automatically a Lie algebroid over P, with bracket 
on sections of L given by the Courant bracket and anchor the projection pTP '■ L — > TP. 
Similarly, a Jacobi-Dirac structure L C £^{Q), with the extended Courant bracket and 
projection onto the first factor as anchor, is a Lie algebroid. 

2.1. A non-instrinsic description of L. We now recall the prequantization construction 
of [25], which associates to a Dirac manifold a circle bundle Q with a Jacobi-Dirac structure. 

Let (P, L) be a Dirac structure. We saw above that L is a Lie algebroid with the restricted 
Courant bracket and anchor pxp ■ L ^ TP (which is just the projection onto the tangent 
component). This anchor gives a Lie algebra homomorphism from T{L) to r(TP) endowed 
with the Lie bracket of vector fields. The pullback by the anchor therefore induces a map 
Ptp • ~^ (-^)' sections of the exterior algebra of L*, which descends to a 
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map from de Rham cohomology to the Lie algebroid cohomology H^{P) of L. There is a 
distinguished class in H'j^{P): on TP T*P there is an anti-symmetric pairing given by 

(2) (Xi 6,^2 0^2)- = \{ix,ii-ix,i2). 

Its restriction T to L satisfies d^T = 0. The prequantization condition (which for Poisson 
manifolds was first formulated by Vaisman) is 

(3) [T] = p*Tpm 

for some integer deRham 2-class [Q]. ([3]) can be equivalently phrased as 

(4) p*Tpn = T + dL(3, 

where O is a closed integral 2-form and f3 a 1-cochain for the Lie algebroid L, i.e. a section 
of L*. Let TT : Q — > P be an 5^-bundle with connection form a having curvature O; denote 
by E the infinitesimal generator of the 5^-action. In Theorem 4.1 of j25] Q was endowed 
with the following geometric structure, described in terms of the triple {Q,a,(3): 

Theorem 2.4. The suhhundle L of£'^{Q) given by the direct sum of 

{{X" + {X(B^, f3)E, 0) (vr*^, 0) : X ^ e L} 

and the line bundles generated by {—E,0) (0, 1) and {—A^, 1) (a — 7r*a,0) is a Jacobi- 
Dirac structure on Q. Here, A ® a is an isotropic section of TP T*P satisfying (3 = 
2(^4 a, • Such a section always exists, and the subbundle above is independent of the 

choice of A® a. 

We call (Q, L) a "prequantization space" for (P, L) because the assignment g ^ {7r*g, •} = 
— is a representation of C'^^{P) on the space of 5^ anti-equivariant functions on Q 

m- 

Triples (Q, cr, /5) as above define a hermitian L-connection with curvature 27riT on the 
line bundle K corresponding to Q, via the formula 

(5) D. = Vp^^.-27ri(.,/3) 

where V is the covariant connection corresponding to a (Lemma 6.2 in [25j). We have 

Proposition 2.5. For a prequantizable Dirac manifold {P,L), the Jacobi-Dirac structure 
L constructed in Thm. \2.4\ on Q is determined by a choice of hermitian L-connection on K 
with curvature 2-KiT . 

Proof. We described above how the triples (Q, a, /5) used to construct L give rise to hermitian 
L-connections with curvature 27riT. Conversely, all hermitian L-connections with curvature 
27riT arise from triples {Q,a,(3) as above (Proposition 6.1 in [25])- A short computation 
shows that the triples that define the same L-connection as {Q,a,(3) are exactly those of 
the form {Q, a + 7r*7, [3 + PtpI) for some 1-form 7 on P, and that these triples all define 
the same Jacobi Dirac structure L (Lemma 4.1 in [25]; see also the last comment in Sect. 
6.1 there). □ 

In the next two subsections we will construct L directly from the L-connection. We end 
this subsection by commenting on how the various Jacobi-Dirac structure L defined above 
are related. 
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Remark 2.6. Two L-connections on K are gauge equivalent if the differ hy dicj) for some 
function (p : P ^ S^. Gauge-equivalent L-connections D on K with curvature 27riT give 
rise to isomorphic Jacobi-Dirac structures: denoting by $ the bundle automorphism of 
Q given by g i— > g • TT*(p, using the proof of Proposition 4.1 in [25] one can show that if 
D2 = Di — 2-iridL(p then /d) © ((<I>^^)*, Id) is an isomorphism from the Jacobi-Dirac 
structure induced by Di to the one induced by D2. (Alternatively one can check directly that 
for the bracket of functions, which by Remark 12.171 determine the Jacobi-Dirac structures, 
^*{'r}D2 = The gauge- equivalence classes of L-connections with curvature 

27riT are a principal homogeneous space for Hj^{P, U (1)) (see the proof of Prop. 6.1 in [25]). 

Remark 2.7. It's easy to see that the prequantization space Q of a prequantizable Dirac 
manifold (P, L) can be endowed with various non-isomorphic Jacobi-Dirac structures L. 
Even more is true: {Q,Li) and {Q,L2) will usually not even be Morita equivalent, for 
any reasonable notion of Morita equivalence of Jacobi-Dirac manifold (or of their respec- 
tive precontact groupoids). Indeed for P = M with the zero Poisson structure, choosing 
{Q,a,P) = {S^ X W,d9,xdx) as in Example 14.131 one obtains a Jacobi structure on Q with 
three leaves, whereas choosing {S^ x M, d6, 0) one obtains a Jacobi structure with uncount- 
ably many leaves (namely all x {q}). On the other hand, one of the general properties 
of Morita equivalence is to induce a bijection on the space of leaves. 

2.2. An intrinsic characterization of L. In this subsection we fix an L-connection D on 
the line bundle K ^ P with curvature 27riT and construct the Lie algebroid L from L and 
D directly. (In Prop. 13.41 we will perform the inverse construction, i.e. we will recover L 
from L). An alternative approach that works in particular cases is presented in Appendix 

o 

We begin with a useful lemma concerning flat Lie algebroid connections (compare also to 
Lemma 6.1 in [25j). 

Lemma 2.8. Let E he any Lie algebroid over a manifold M , K a line bundle over M , and 
D a Hermitian E-connection on K . Consider the central extension E M, where Inirj 
equals the curvature of D; then D(Y,g) = + "^nig defines an E ©^ "M.- connection on K 
which is moreover flat. 

Proof. One checks easily that D is indeed a Lie algebroid connection. Recall that the bracket 
on £;©^M is defined as [(ai, /i), (02, /2)]£;®^ir = ([ei, e2]E, p(ai)/2 - p{a2)fi + 77(01,02)), 
where p is the anchor, and that the curvature of D is 

^£((ei, 62)5 = DeiDe^S - be^De^S - £>[ei,e2]'5 

for elements Cj of -E ©,; M and s of K . The flatness of D follows by a straightforward 
calculation. □ 

We will use of this construction, which is just a way to make explicit the structure of a 
transformation algebroid (see Remark |2. 101 below) . 

Lemma 2.9. Let A be any Lie algebroid over a manifold P , ttq : Q ^ P a principle SO{n)- 
bundle, ttk : K ^ P the vector bundle associated to the standard representation of SO{n) 
on M", and D a flat A-connection on K preserving its fiber-wise metric. The A-connection 
induces a bundle map hq : t^qA TQ (the "horizontal lift") that can be used to extend, by 
the Leibniz rule, the obvious bracket on SO{n)- invariant sections of ttqA to all sections of 
t^qA. The vector bundle t^qA, with this bracket and hq as an anchor, is a Lie algebroid 
over Q. 
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Proof. We first recall some facts from Section 2.5 in The ^-connection D on the 

vector bundle K defines a map (the "horizontal lift") hx '■ t^j^A — > TK covering the anchor 
A — i- TP by taking parallel translations of elements of K along A-paths. See Section 
14.21 for the definition of A-paths. Explicitly, fix an ^-path a{t) with base path 7(t), a 
point X G ''^K^ili^)) and let 7(t) the unique path in K (over j{t)) starting at x with 
Da{t)l{t-) = 0. We can always write D = Vp, — /? where V is a metric TP-connection on 
A and P G T{A*) (g)So(K); then Vpa{t)7{t) = 0,a{t))j{t). Since the left hand side is the 
projection of the velocity of j{t) along the Ehresmann distribution H corresponding to V, 
we obtain ^j{t) = (^7(t))'^ + 0,a{t))^{t), so that 

(6) hK{a{0),x) := j^\t=ol{t) = p{aiO)f + 0,a{O))x. 

Of course hx does not depend on V or /3 directly, but just on D. By our assumptions hx is 
induced by a "horizontal lift" for the principle bundle Q, i.e. by a S'0(n)-equivariant map 
hg : t^qA TQ covering the anchor of A. Since our ^-connection D is flat, the map that 
associates to a section s of A the vector field hQ{'KQs) on Q is a Lie algebra homomorphism. 

On sections vtqSi, t^qS2 of t^qA which are pullbacks of sections of A we define the bracket 
to be t^q{si,S2\, and we extend it to all sections of t^qA by using hq as an anchor and 
forcing the Leibniz rule. We have to show that the resulting bracket satisfies the Jacobi 
identity. Given sections Sj of A and a function f on Q one can show that the Jacobiator 
[[vrgSi,/ • 7rQS2], ttqSs] + c.p. = by using the facts that the bracket on sections of A 
satisfies the Jacobi identity and that the correspondence vrgSj i-^ hqij^QSi) is a Lie algebra 
homomorphism. Similarly, the Jacobiator of arbitrary sections of Q is also zero due to fact 
that hq actually induces a homomorphism on all sections of ttq^. □ 

Remark 2.10. Using hx instead of hq in the construction of the previous lemma leads to 
a Lie algebroid structure on tt*j^A K . As Kirill Mackenzie pointed out to us, vr^^ is 
just the transformation algebroid arising from the Lie algebroid action of A on -fC given by 
the flat connection D. Similarly, the Lie algebroid structure on vtqA we constructed in the 
lemma is the transformation algebroid structure coming from hq, which is viewed here as 
a Lie algebroid action of ^ on Q. 

Now we come back to our original setting, where we consider the Lie algebroid L over 
P and a hermitian L-connection D on the line bundle K over P. Consider L^, the Jacobi- 
Dirac structure on P naturally associated to L. There is a canonical isomorphism L'^ — > 
L©xIK; (-'^j 0) © (^, 5) I— > {X,^,g) of Lie algebroids over P [8]. Lemma [2?8l provides us with 
a flat L ©X M-connection D on K , and by Lemma 12.91 the pullback of L ©t M to Q (the 
circle bundle associated to K) is endowed with a Lie algebroid structure. Using equation 
([6]) one sees that its anchor hq : TT*q{L ©x K) TQ, at any point of Q, is given by 

(7) hq{X,i,g)=X'' + {{X®i,(3)-g)E 

(here we make immaterial choices to write D as in equation ([5]) and denote by ^ the 
horizontal lift w.r.t. ker o"). This formula for the anchor suggests how to identify 'k*q{L(B-y'M.) 
with a subbundle of £^{Q): we will show that the natural injection 

/ : vr^(LffiTM) ^ Z C 8\Q), I{X,i,g) = {hq{X,i, g),Q) © (Tr*^,^) 

is a Lie algebroid morphism, whose image is a codimension one subalgebroid of L which we 
denote by Zq. We regard Zq as a "lift" of L (or rather L^) obtained using the hermitian 
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L-connection D. Now we can describe the Jacobi-Dirac structure L prequantizing L in 
invariant terms and characterize partially (see also Remark [2. 141) its Lie algebroid structure: 

Theorem 2.11. Assume that the Dime manifold {P,L) satisfies the prequantization condi- 
tion ([3]). Fix the line bundle K over P associated with [fi] and a Hermitian L-connection 
D on K with curvature liriT . Denote as above by Lq the lift of by the connection D. 



Then L, the subbundle defined in Thm. 2.4. is characterized as the unique Jacobi-Dirac 



structure on Q which contains Lq and which is different from {ir^Ly (where Tr*L denotes 
the pullback Dirac structure of L). Further Lq is canonically isomorphic to t^q{L ©x I^) os 
a Lie algebroid. 

Proof. We first show that I : t^q[L ®t L is indeed a Lie algebroid morphism. We 
compute for 5^ invariant sections 

[/(Xi,6,0),/(X2,6,0)ki(Q) 

(8) =/([(Xi, 6), (^2, 6)]co«, 0) + ((Xi, Ci), (X2, 6))- {{-E, 0) (0, 1)) 

=/([(Xi,ei,0),(X2,6,0)].;^(LeTM)) 

and [/(X, ^, 0), 1(0, 0, l)]£-i (Q) = 0; then one checks that I respects the anchor maps of 
7r^(L©T M) and L. 

To prove the above characterization of L we show that there are exactly two maximally 
isotropic subbundles of £^{Q) containing Lq. Indeed, denoting by (-^^o)"*" the orthogonal of 
Lq w.r.t. the pairing (•, •)+, the quotient {Lq)^/Lq is a rank 2 vector bundle over Q which 
inherits a non-degenerate symmetric pairing on its fibers. Every fiber of such bundle is 
isomorphic to with pairing {{a,b), {a',b')) = ^{ab' + ba'), which clearly contains exactly 
two isotropic subspaces of rank one (namely M(1,0) and M(0, 1)). So there are at most two 
maximally isotropic subbundles of £^{Q) containing Lq; indeed there are exactly two: L 
and Lq © M((0, 0) © (0, 1)). The latter is ir^L = {Y ® vr*^ : Tr^{Y) © ^ G L} viewed as a 
Jacobi-Dirac structure on Q, hence we are done. □ 

Remark 2.12. Using the canonical identifications of Lie algebroids L©xK = L*^ and 7rQ(-L©x 
M) = Lq the natural Lie algebroid morphism ttq{L ©t M) ^ L ©t M is 

(9) CD : Zo ^ L^ (X, 0) © (vr*^, g) ^ (vr.X, 0) © (C, g). 

Remark 2.13. The construction of Thm. 12.111 gives a quick way to see that the subbundle 
L of £^{Q), as defined in Thm. 12.41 is indeed closed under the extended Courant bracket: 
Lq is closed since we realized it as a Lie algebroid, and the sum with the span of the section 
{—A^, 1)©((T — 7r*a, 0) is closed under the bracket because {[si, S2]£-i(q), ss)-!- (for Si sections 
of £^{Q)) is a totally skew-symmetric tensor [13]. 

Remark 2.14. The characterization of Lq as the transformation algebroid of some action of 
L ©X M = L*^ on Q (Thm. 12.111) shows that if the Lie algebroid L^ is integrable then Lq is 
integrated by the corresponding transformation groupoid. Unfortunately using Thm. 12.111 
we are not able to make the same conclusion for L. Looking at the brackets on L is not 
very illuminating: it is determined by ^ and 

[I{X, e, 0), (-A^, 1) © (a - 7r*a, 0)]£1(q) = I{-[{X, 0, {A, a)]cou,0) 

(10) 1 

+/(o, n{x) - e + -d{X © /?), 0) - {A, ii-E, 0) © (0, 1)) . 
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The remaining brackets between sections of the form I{X, ^, 0), 1(0, 0, 1) and {—A^, 1)©(cj— 
7r*a,0) vanish, and by the Leibniz rule these brackets determine the bracket for arbitrary 
sections of L. 

Remark 2.15. Different choices of L-connection on the hne bundle K with curvature 27rzT 
usually lead to Lie algebroids L with different foliations (see Remark l2.7p . which therefore 
can not be isomorphic. However the subalgebroids Lq are always isomorphic. Indeed any 
two connections with the same curvature are of the form D and D' = D + 2m-j, where 7 
is a closed section of L* (see Prop. 6.1 in [25]). A computation using di^ = shows that 
{X,^^) © (7 1— > (X,^) © (5 — ((X, ^),7)) is a Lie algebroid automorphism of L ©x M. Further 
this automorphism intertwines the Lie algebroid actions ((T]) of L ©x M on Q given by the 
"horizontal lifts" of the flat connections D and D'. Hence the transformation algebroids of 
the two actions are isomorphic, as is clear from the description of Lemma [231 

We exemplify the fact that actions coming from different flat connections are intertwined 
by a Lie algebroid automorphism (something that can not occur if the anchor of the Lie 
algebroid is injective) in the simple case when the Dirac structure on P comes from a close 
2-form uj: the Lie algebroid action of TP (Buj M on Q via a connection V (with curvature 
27TiLo) is intertwined to the obvious action of the Atiyah algebroid TQ/S^ on Q (essentially 
given by the identity map) via TP ©^ M ^ TQ/S^ is {X, g)^ X^ - 7:*gE, where a is the 
connection on the circle bundle Q corresponding to V. 

2.3. Describing L via the bracket on functions. In this subsection we will describe 
the geometric structure L on the circle bundle Q in terms of the bracket on the admissible 
functions on Q; by Remark 12.171 below the bracket on functions uniquely determines L. 

We adopt the following notation. F5 denotes the function on Q associated to a section S 
of the line bundle K: Fs is just the restriction to the bundle of unit vectors Q of the fiberwise 
linear function on K given by {-,3), where (•,■) is the S'^-invariant real inner product on 
K corresponding to the chosen Hermitian form on K. Alternatively Fs can be described 
as the real part of the 5^-antiequivariant function on Q that naturally corresponds to the 
section S. By iS we denote the image of the section S by the action ofi€S^ (i.e. S rotated 
by 90°), and / and g are functions on P. 

Proposition 2.16. Assume that the Dirac manifold (P, L) satisfies the prequantization con- 
dition dH]). Fix the line bundle K over P associated with [il] and a Hermitian L-connection 
D on K with curvature IttzT. Denote by D the flat connection induced as in Lemma [27^ 
and by hg : itq{L ©t K) TQ the horizontal lift associated to D given by JT]). 

Suppose a Jacobi-Dirac structure L on Q has the following two properties: first, nearby 
any q £ Q such that TPDL is regular near vr(g), the admissible functions for L are exactly 
those that are constant along the leaves 0/ {/iq(X, 0, 0) : X £ TPnL}. Second, the bracket 
on locally defined admissible functions is given by 

• {'^*f,T^*9}Q = 7r*{/,5}p 

. {vr*/,l}Q=0 

. {Fs,l}Q = -27rFis. 

Then L must be the Jacobi-Dirac structure L given in Thm. \2.4\ 

Conversely, the Jacobi-Dirac structure L given in Thm. \2.4\ has the two properties above. 

Proof. We start by showing that the Jacobi-Dirac structure L constructed in Thm. 12.41 
satisfies the above two properties. On the set of points where the "characteristic distribution" 
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C := Lf] {TQ X M) © (0, 0) of any Jacobi-Dirac structure has constant rank the admissible 
functions are exactly the functions / such that {df, f) annihilate C. In our case C = 
{X" + {a, X)E -.XeLn TP} = {hqiX, 0,0) : X e TP n L} is actually contained in TQ, 
so the admissible functions are those constant on the leaves of C as claimed. 

Now we check that the four formulae for the bracket hold. The first equation follows 
from the fact that the pushforward of L is the Jacobi-Dirac structure associated to L (see 
Section 5 in [25]). 

For the second equation we make use of the formulae 

E{Fs) = -27rF,s and ^^(^5) = Fy^s, 

where we make some choice to express D as in equation ([5]) and X^ denotes to horizontal 
lift of X € TP using the connection on Q corresponding to the covariant derivative V on 
K. Using these formulae we see 

{7r*f,Fs}Q = -{dFs,Xf + {{Xf,df),l3)E-fE) 

= F-'UxfS+2ni({(Xf,df),P)-f 

= F - 

-Dxf,df,fS' 

For the last two equations just notice that, since {—E,0) © (0,1) is a section of L, the 
bracket of any admissible function with the constant function 1 amounts to applying —E 
to that function. 

Now we show that if a Jacobi-Dirac structure L satisfies the two properties in the state- 
ment of the proposition, then it must be L. By Remark [2. 171 the bracket of dimQ — rkC + 1 
independent functions at regular points of C := L fl (TQ x R) © (0,0) determines L, so we 
have to show that our two properties carry the information of the bracket of dimQ — rkC+1 
independent functions at regular points of C . 

It will be enough to consider the open dense subset of the regular points of C where 
C = {/iq(X, 0, 0) : X € TP n L} (This subset is dense because it includes the points q such 
that C is regular near q and TPCiL is regular near 7r{q)). Since there C is actually contained 
in TQ it is clear that 1 and vr*/ are admissible functions, for / any admissible function on 
P (this means that / is constant along the leaves of L n TP; there are dimP — rkC such / 
which are linearly independent at vr(g)). Further we can construct an admissible function 
Fs as follows: take a submanifold Y near Tr{q) which is transverse to the foliation given by 
L n TP, and define the section S\y so that it has norm one (i.e. its image lies in Q C K). 
Then extend S to a neighborhood of 7r(g) by starting at a point yoiY and "following" the 
leaf of C through S{y) (notice that C is a flat partial connection on Q ^ P covering the 
distribution L n TP on P). Since C is invariant, the resulting function Fs is clearly 
constant along the leaves of C, hence admissible. Altogether we obtain dimQ — rkC + 1 
admissible functions in a neighborhood of q for which we know the brackets, so we are 
done. □ 

Remark 2.17. On any Jacobi-Dirac manifold {Q,L) the bracket on the sheaf of admissible 
functions {C^^{Q) , {■ , ■}) determines the subbundle L of £^{Q). (This might seem a bit 
surprising at flrst, since the set of admissible functions is usually much smaller than C°°{Q)). 

The set of points where C := LCi (TQ x M) © (0, 0) (an analog of a "characteristic distri- 
bution") has locally constant rank is an open dense subset of Q, since C is an intersection 
of subbundles. Hence by continuity it is enough to reconstruct the subbundle L on each 
point q of this open dense set. 
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Since we assume that C has constant rank near g, given C^^{Q) in a neighborhood 
of q we can reconstruct C as the distribution annihilated by {df, f) where / ranges over 
^odmiQ)- clearly find dimQ — rkC + 1 admissible functions fi such that {{dfi, fi)} 

forms a basis of PT'QxRiL) = C° near q. The fact that each fi is an admissible function 
means that there exist {Xi,(pi) such that © {dfi, fi) is a smooth section of L. Now 

knowing the bracket of any fj with the other /j's, i.e. the pairing of {Xj,(l)j) with all 
elements of Pt*Qxr{L), does not quite determine {Xj,(l)j). However it determines {Xj,(l)j) 
up to sections of C, hence the direct sum of the span of all (Xj, © {dfi, fi) and of C 
is a well defined subbundle of £^{Q). Moreover it has the same dimension as L and it is 
spanned by sections of L, so it is L. 

3. PREQUANTIZATION AND REDUCTION OF JACOBI-DiRAC STRUCTURES 

In the last section we considered a prequantizable Dirac manifold {P, L) and endowed Q 
(the total space of the circle bundle over P) with distinguished Jacobi-Dirac structures L. 

We are interested in the relation between the Lie algebroid structures on L and L'^ (the 
Jacobi-Dirac structure canonically associated to L), because they will give an indication of 
the relation between the Lie groupoids integrating them. The map $ of ([9]) is a natural 
surjective morphism of Lie algebroids from the codimension one subalgebroid Lq of L to L"^, 
so one may hope to extend $ to a Lie algebroid morphism defined on L. However in general 
there cannot be any Lie algebroid morphism from L to L'^ or L with base map tt: recall 
that a morphism of Lie algebroids maps each orbit of the source Lie algebroid into an orbit 
of the target Lie algebroid. If the map vr : Q — > P induced a morphism of Lie algebroids, 
then the orbit£| of L would be mapped into the orbits of (which coincide with those of 
L). However this happens exactly when (one and hence all choices of) the vector field A 
appearing in Thm. 12.41 is tangent to the foliation of L (see Section 4.1 of [25]). In the case 
of Example [4l3l i.e. Q = x R and P = M, the orbits of T*Q x R are exactly three 
(namely x M+, x {0} and x M_), and vr does not map them into the orbits of T*P, 
which are just points. 

In this section we will take advantage of the fact that L, in addition to the Lie algebroid 
structure, also carries a geometric structure, namely a precontact structure 9i € il^(L) 
defined as follows: 

(11) ei:=pr*{e, + dt), 

where 6c is the canonical 1-form on the cotangent bundle T*Q, t is the coordinate on M, and 
pr is the projection of L C £^{Q) onto T*Q x M. We will use the the 1-form 9i to recover 
the Lie algebroid from L via a precontact reduction procedure, which we will globalize 
to the corresponding Lie groupoids in the next Section. 

3.1. Reduction of Jacobi-Dirac structures as precontact reduction. We recall a 
familiar fact: in symplectic geometry, we have the well-known motivating example of sym- 
plectic reduction T*M//qG = T*{M/G). In [9], it is extended to contact geometry by 
replacing T*M by the cosphere bundle of M. Here we prove a similar result by replacing 
T*M by T*M x M-another natural contact manifold associated to any manifold M. Later 
on we will use this to reduce a G-invariant Jacobi-Dirac structure on M to a Jacobi-Dirac 



The orbits of a Lie algebroid are the leaves integrating the (singular) distribution given by the image of 
the anchor map. 
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structure on M/G. 

Let a Lie group G act on a contact manifold (C, 9) preserving the contact form 6. 
Then, a moment map is a map J from the manifold M to Q* (the dual of the Lie algebra) 
such that for all v in the Lie algebra g: 

(12) {J,V) =eM{vM). 

where vm is the infinitesimal generator of the action on M given by v. The moment 
map J is automatically equivariant with respect to the coadjoint action of G on q* given 
by ? • = L*R* A group action as above together with its moment map is called 
Hamiltonian. Notice that any group action preserving the contact form is Hamiltonian. In 
the above setting there are two ways to perform contact reduction, developed by Albert [I] 
and Willett [26] respectively, which agree when one performs reduction at G g*: 

C//oG:=J~Ho)/G 

is again a smooth contact manifold with induced contact form 6 such that vr*(^) = 6'|j-i(o)- 

Lemma 3.1. Let the group G act on manifold M freely and properly. Then G has an 
induced action on the contact manifold (C := T*M x M, ^ := 9c + dt) where 9^ is the 
canonical 1-form on T*M and t is the coordinate on M. Then this action is Hamiltonian 
and the contact reduction at is 

T*M X M//oG = T*{M/G) x R. 

Proof. The induced G action on T*M xRisby5-(e,t) = i{g'^TC,t), and it preserves the 
1-form 6c + dt. The projection of this action on M is the G action on M so it is also free 
and proper. Then the moment map J is determined by 

{J{^,t),v) = {9c + dt)^^^t){vc) = 9c(,vc) = {^,vm), 

where vc (resp. vm) denotes the vector filed corresponding to the infinitesimal action of G 
on the manifold C (resp. M). Since all infinitesimal generators vc are nowhere proportional 
to the Reeb vector field ^, by Remark 3.2 in [26] all points of T*M x M are regular points 
of J. So J-^{0) = {(e,t) : {C,vm) = yv € g} = {(7r>,t) : fi G T*{M/G)} (with 
vr : M ^ (M/G)) is a smooth manifold. Therefore it is not hard to see that there is a 
well-defined 

CD : J-\0)/G ^ T*{M/G) X M, ([C],t) ^ {fi,t), 

where /i is uniquely determined by vr*// = ^ and we used the notation [•] to denote the 
quotient of points (and later tangent vectors) of J~^(0) by the G action. It is not hard 
to see that $ is an isomorphism since the two sides have the same dimension and $ is 
obviously surjective. The contact form on T*(M/G) x M corresponding to the reduced 
contact form 9 via the isomorphism $ is the canonical one: for a tangent vector {[v], A^) G 
%,t(^-HO)/G), 

%],t(N, A^) = 9^4v, A—) = ^{p^v) + A = /i(p*$,M) + A, 

where p : T*M M and p : T*{M/G) M/G. Here we used = tt^p^v, which 

follows from the fact that $ is a vector bundle map, and we abuse notation by denoting 
with the same symbol a restriction of □ 
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This result extends to the precontact situation: instead of the contact manifold T*M x M 
we consider a Jacobi-Dirac subbundle L C £^{M), which together with the 1-form 6i G 
Q^{L) defined in (fTTIl is a precontact manifold. 

Proposition 3.2. When {Q,L) is a Jacobi-Dirac manifold, L is a precontact manifold as 
described above. If the group G acts freely and properly on Q preserving the Jacobi-Dirac 
structure, the action lifts to a free proper Hamiltonian action on L with moment map J, 

Write qq as a short form for {vq : v ^ q} C TQ, and let -Ki^L C £^{P) be the pushforward 
of L via-K : Q P := Q/G. Then 

(1) J~^(0) is a subalgebroid of L iff Lr\ (0q,O) (0,0) has constant rank, and in that 
case L/ /qG := J~^(0)/G has an induced Lie algebroid structure; 

(2) J~^{0)/G = vr^Z both as Lie algebroids and precontact manifolds, iff L H {qq,0) © 
(0,0) = {0}. Here the precontact forms are the reduced 1-form on J^^{0)/G and 
the one defined as in (fTTl) on vr^L respectively. 

Proof The G action on Q lifts to L by 5 • {X, f) {^,g) = {g^X, f) © {{g~^Yi,g), and the 
resulting moment map J is clearly as claimed in the statement. 

To prove (1) we start with some linear algebra and fix x S Q. We have a map vr^, : T^Q — 
Ptt{x){Q/G), hence we can push forward L^ to 

(7r^Z)^(^) = {{TT,X,f) {fi,g) : (XJ) {TT*fi,g) G 

to obtain a linear Jacobi-Dirac subspace of £^{Q/G)t^(^x)- Since L is G invariant, doing this 
at every x G Q we obtain a well defined subbundle of £^{Q/G), which however might fail 
to be smootlil. We have a surjective map 

$ : J-HO) = {{X,f) © (e,9) G L : C = vrV for some G r,(.)(Q/G)} ^ tt.Z 

^ ' (X,/)©(e,5) ^ (vr*X,/)0(;u,g) 

whose kernel is exactly J~^(0) fl (gg, 0) © (0, 0) (Notice that the map is well defined for vr is 
a submersion). So J"HO) has constant rank iff J~^(0) n (gg, 0) © (0, 0) = Zn (gg, 0) © (0, 0) 
does. In this case it is easy to see that J~^(0) is closed under the Courant bracket: the 
Courant bracket of two sections of J~^(0) lie in Z (because Z is closed under the bracket), 
therefore one just has to show that its cotangent component is annihilated by gg. By 
a straight-forward computation this is true for G-invariant sections, and by the Leibniz 
rule it follows for all sections of J~^(0), i.e. J~^(0) is a subalgebroid. Clearly J~^{0)/G 
becomes a Lie algebroid with the bracket induced from the one on J~^(0) and anchor 
{[X], f) © ([^], 5) I— > 7r*X (where [•] denotes the equivalence relation given by the G action). 

To prove (2) consider the map ^' above. It induces an isomorphism of vector bundles over 
P between J~^(0)/G and vr^Z iff it is fiberwise injective, i.e. iff Z n (gg,0) © (0,0) = {0}. 
Since J~^(0)/G (being a precontact reduction) is a smooth manifold and J~^(0)/G = vr^Z 
is point- wise a subbundle of f^(P), it follows that vr^Z is a smooth vector bundle over P. 
We are left with showing that $ induces an isomorphism of Lie algebroids and precontact 
manifolds. Using the fact that operations appearing in the definition of Courant bracket 
such as taking Lie derivatives commute with taking quotient of G (for example 7r*(L.n-^x/^) = 
LxTT*fJ-) we deduce that $ : J~^(0) — > vr^Z is a surjective morphism of Lie algebroids, hence 
the induced map $ : J~^(0)/G iTi.L an isomorphism of Lie algebroids. 

^For example it is not smooth when G = M., Q — R^, '^Q = ^ and L is the graph of the 1-form ^da;. 
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The isomorphism of precontact manifolds follows from an entirely similar argument as in 
Lemma [3Tn We consider a tangent vector {[w], k-^) (B {[v], X^) G r([x],/)®([5],g)( J~^(0)/G), 
then $(([X],/) e = (vr*X, /) {fi,g), where ir* fi = ^. So the induced 1-form 9 on 

J~^{0)/G satisfies, 

d d d d 

where p : L ^ Q and p : vr^Z — P are projections. Therefore 9 = ^*9^^i with 9^^i the 
canonical 1-form as in (lllll. □ 



Remark 3.3. A special case of Prop. 13.21 is the usual reduction of basic 1-forms: if the 
Jacobi-Dirac structure L of Prop. l3.2l comes from 1-form cr on Q such that Qq C kera, then 
the pushforward vr^L is given by the unique 1-form ared on P = Q/G satisfying 7T*ared = C- 

3.2. Reduction of prequantizing Jacobi-Dirac structures. Now we adapt the general 
theory of reduction of Jacobi-Dirac manifolds discussed in the previous subsection to our 
situation, namely we consider a prequantization Q of Dirac manifold {P,L). Then Q is 
Jacobi-Dirac with a free and proper action which preserves the Jacobi-Dirac structure L. 
Let L'^ = {(X, 0) © iC,g) '■ (X,^) G L,(7 G M} denote the Jacobi-Dirac structure associated 
to the Dirac manifold (P, L). Then L'^ naturally has a precontact form as described in (fTTI) . 
The algebroids L, L'^ and L fit into the following diagram (where we denote dimensions and 
ranks by superscripts): 



ln+2 



W+l 



'C\n+1 




The left two Lie algebroids in the diagram are related by the reduction described in the 
next proposition: 

Proposition 3.4. When {Q, L) is a prequantization of Dirac manifold {P, L) we have 
J~^(0) = Lq (recall that Lq was defined at the end of Section \2.S^) and the isomorphisms of 
precontact manifolds and Lie algebroids, 

L//oS^ = L^. 

Proof. The equality is clear from the characterization of J~^(0) in eq. (fTSl) and from the 
definition of Lq. For the isomorphism notice that L'^ = tTj^Z (this is equivalent to saying that 
vr is a forward Jacobi-Dirac map) and apply Prop. 13.21 (which holds because the assumption 
Zn (flg, 0) © (0, 0) = {0} is satisfied, as is clear from the definition of Z in Theorem 12. 4p . □ 

In the rest of this subsection we want to see what Lemma [3^ savs about the objects that 
integrate the Lie algebroids Z and L^. We first recall few definitions. 

Definition 3.5. A Lie groupoid over a manifold P is a manifold F endowed with surjective 
submersions s,t (called source and target) to the base manifold P, a smooth associative 
multiplication m defined on elements g,h £ T satisfying s{g) = t{h), an embedding of P 
into F as the spaces of "identities" and a smooth inversion map F — > F satisfying certain 
compatibility conditions (see for example |T6j ) 

Every Lie algebroid F has an associated Lie algebroid, whose total space is ker(s^:\p) C 
rF|p, with a bracket on sections defined using right invariant vector fields on F and t*|p 
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as anchor. A Lie algebroid A is said to be integrable if there exists a Lie groupoid whose 
associated Lie algebroid is isomorphic to A; in this case there is a unique (up to isomorphism) 
source simply connected (s.s.c.) Lie groupoid integrating A. 

The following two definition are adapted from ^ and respectively to match up the 
conventions of [8j and [27] . 

Definition 3.6. A presymplectic groupoid is a Lie groupoid F over a manifold P, with 
dimF = 2dimP, equipped with a closed 2-form rip satisfying 

m*r2r = prl^l-p + pr2^r 

and the non-degeneracy condition 

ker t* n ker s^, n ker Qr = {0}. 

By [3] the Dirac structure on T given by the graph of O pushes down via s to a Dirac 
structure L on the base P which, as a Lie algebroid, is isomorphic to the Lie algebroid of 
r. Conversely, if (P, L) is any Dirac manifold, then L (if integrable) integrates to a s.s.c. 
presymplectic groupoid as above. The latter is unique (up to presymplectic groupoid auto- 
morphism), and will be denoted by ^s{P) in this paper. 

Hence presymplectic groupoids are the objects integrating Dirac structures. The objects 
integrating Jacobi-Dirac structures are the following: 

Definition 3.7. A precontact groupoid is a Lie groupoid F over a manifold Q, dimF = 
2dim(5 + 1, equipped with a 1-form and a function /r satisfying fr{gh) = /r(5)/r(^) 
and 

m*9r = prl9rpr2fr + pr20r 
and the non-degeneracy condition 

ker t* n ker n ker n ker d6r = {0}. 

The 1-form ^r, viewed as a Jacobi-Dirac structure on F, pushes forward via the source map 
to a Jacobi-Dirac structure on M which is isomorphic to the Lie algebroid of F. (The formula 
for a canonical isomorphism is given in Appendix A). Conversely, if {Q,L) is any Jacobi- 
Dirac manifold, then L (if integrable) integrates to a s.s.c. unique precontact groupoid as 
above, which will be denoted by Fs(P) in this paper. Notice that a Dirac manifold {P,L), 
in addition to the presymplectic groupoid Ts{P) associated as above, also has has an asso- 
ciated precontact groupoid Fc(P) integrating the Jacobi-Dirac structure L'^ corresponding 
to L. 

When the presymplectic groupoid Ts{P) is prequantizable its prequantization circle bun- 
dle can be view as an "alternative prequantization space" for {P,L), because Ts{P) is the 
global object that corresponds to the Dirac manifold {P,L). We will see in items (4) and 
(5) of Thm. 14. Ill that the prequantizability and integrability of {P,L) implies that Ts{P) is 
prequantizable, and that the prequantization bundle Fc(P) is a groupoid integrating L'^, so 
A{Tc{P)) = L'^ where "A" denote the functor that takes the Lie algebroid of a Lie groupoid. 
(In the Poisson case this follows from [8] and [2]). 

There is a canonical Lie algebroid isomorphism between kers,,|p C TTc{P)\p and L'^, 
given by Lemma [A.li It matches the restriction to kers*|p of the 1-form on Tc{P) and 
the precontact form on (see eq. (fTT]l ) at points of P (notice that at points of the 
zero section P the precontact form on L'^ is just pr*dt, i.e. the projection onto the last 
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component). Similarly the canonical isomorphism between kers^,|Q (where here s denotes 
the source map of TdQ)) and L matches the restriction of the 1-form on TdQ) and 9i. 
Hence the reduction of Prop. 13.41 matches the 1-forms on the groupoids Tc{Q) and Tc{P) 
at points of the identity sections. 

As we will see in the next section, there is an action on the precontact groupoid 
{T c{Q) , 9r , fr) of {Q,L) which is canonically induced by the action on Q and which 
hence makes the source map equivariant and which respects the 1-form and multiplicative 
function on the groupoid. The equivariance makes sure that taking derivatives along the 
identity one gets an action on kers^lg by vector bundle isomorphism. Further, under 
the canonical isomorphism (see Lemma fA.lj) kers^,|Q = L, the action is the natural 
one described at the beginning of the proof of Prop. 13.21 because the action on Tc{Q) 
respects t,rr and ^r- We conclude that the action we considered in this subsection is 
the infinitesimal version of the action on (rc(Q),^r)- We summarize: 

Proposition 3.8. The natural action on Q lifts to an action on A{Tc{Q)) = L, whose 
precontact reduction is = A{Tc{P)), endowed with the Lie algebroid and precontact struc- 
tures given by the Lie groupoid Tc{P). 

In the next section we will show that the precontact reduction of Tc{Q) is isomorphic, 
both as precontact manifold and a groupoid, to the s.s.c. precontact groupoid of P, and 
that Tc{Q) is a discrete quotient of it. This means that precontact reduction commutes 
with the Lie algebroid functor: 

A{T,iQ)//oS') = AiT,{Q))//oS\ 

Further we also have a correspondence at the intermediate step of the reduction, namely 
for the zero level sets of the moment maps (see item (3) of Thm. 14. 9p . 

4. PREQUANTIZATION AND REDUCTION OF PRECONTACT GROUPOIDS 

In this section we analyze the relation between the groupoids associated to (P, L) and 
{Q,L), leading to an "integrated" version of Proposition \TM (i.e. to reduction of groupoids). 
In Subsection 14. II we will perform the reduction using finite dimensional arguments, restrict- 
ing ourselves for simplicity to the case when P is a Poisson manifold. If on one hand our 
finite dimensional proof might appeal more to geometric intuition, it will not allow to con- 
clude whether the reduced groupoids we obtain are source simply connected. In Subsection 
14.21 for the general case when P is a Dirac manifold, we will obtain a complete description 
of the reduction using path spaces. We will conclude with two examples. 

4.1. The Poisson case. In this subsection we show our results for Poisson manifold without 
using the infinite dimensional path spaces. 

We start displaying a simple example, which was also a motivating example in [6]. 

Example 4.1. Let {P,uj) be a simply connected integral symplectic manifold, and {Q,0) a 
prequantization. We have the following diagram of groupoids: 

{QxQxR, -e-'9i + 02, e"^) {Q Xgi Q, [-9i + 02]) (P x P, -ui + wa) 



Q 
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The first groupoid is a (usually not s.s.c.) contact groupoid of {Q,9), with coordinate s 
on the M factor. The second is a contact groupoid of {P,oj) which is a prequantization of 
the third groupoid (the s.s.c. symplectic groupoid of (P, w)). The action on Q induces 
a circle action on its contact groupoid with moment map given by (J, 1) = —e~^ + 1, so 
that its zero level set is obtained setting s = 0, and dividing by the circle action we obtain 
exactly the second groupoid above, i.e. the prequantization of the s.s.c. groupoid of {P,uj). 

Let P be a Poisson manifold, consider the Dirac structure L given by the graph of the 
Poisson bivector, and assume that {P,L) is prequantizable and that it is integrable, in 
which case it integrates to a s.s.c symplectiqj groupoid Ts{P). The prequantizability of 
{P,L) implies that the period group of any source fiber of Ts{P) is contained in Z (see 
Section 3.3 of [2], or Theorem 14.21 below for a straightforward generalization). This last 
condition is equivalent to saying that the symplectic groupoid Ts{P) is prequantizable in 
the sense of |6| (see Prop. 2 in [2] or Thm. 3 in [8|). Its unique prequantization will be 
denoted by fc(-P) and turns out to be a (usually not s.s.c.) contac1@ groupoid of P, i.e. 
it integrates the Lie algebroid L^. Fix a prequantization {Q,L) and assume that the Lie 
algebroid L is integrable; denote by Tc{Q) the integrating s.s.c. contact groupoid. Now, 
"integrating" the reduction statements of the last section, we will clarify the relation between 
^ciQ) (the global object attached to the prequantization bundle Q) and the prequantization 
of Ts{P) (which can be thought of as a different way to prequantize {P, L)). 

The (smooth) groupoids we consider fit into the following diagram; we omitted Tc{P), 
which is just a discrete quotient of the s.s.c. contact groupoid Tc{P). This diagram corre- 
sponds to the diagram of Lie algebroids in Subsection 13.21 and again we denote dimensions 
by superscripts. 




Theorem 4.2. Let {P, L) be an integrable prequantizable Poisson manifold, and {Q^'^^,L) 
one of its prequantizations as in Subsection \2.1{ which we assume to be integrable. Then: 

a) The s.s.c contact groupoid T c{P) of{P,L) is obtained from the s.s.c. contact groupoid 
^c{Q) of {Q,L) by contact reduction. 

b) The prequantization of the s.s.c. symplectic groupoid T s{P) is a discrete quotient of 

rc(P). 

Proof. acts on Q, and it acts also on TQ ®T*Q by the tangent and cotangent lifts. The 
action preserves the subbundle given by the Jacobi-Dirac structure L, hence we obtain 
an action on the Lie algebroid L ^ Q. The source simply connected (s.s.c.) contact 
groupoid (T c{Q) ■, Gt ■, fv) of {Q,L) is constructed canonically from the Lie algebroid L via 
the path-space construction |7|, so it inherits an action that preserves its geometric and 
groupoid structures. In particular the source and target maps are equivariant, and sim- 
ilarly the multiplication map Tc{Q)s Xt ^c{Q) — > ^c{Q)- Also, the action preserves the 
contact form, so there is a moment map Jr : ^dQ) — > K by Jrig) = Sr{vr{g)) where vr 
denotes the infinitesimal generator of the action. We divide the proof in three steps. 



'This means that the 2-form on the presymplectic groupoid intergrating L is non-degenerate. 
This means that the 1-form on the precontact groupoid satisfies 9r A (dSr)'^*'"'^' 7^ . 
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Step 1: Jp (0) is a s.s.c. Lie subgroupoid ofTdQ). 
We start by showing that Jr = 1 — /r; this exphci10 formula will turn out to be necessary 
in Step 2. 

To do this we will use several properties of contact groupoids, for which to refer to 
Remark 2.2 in [27]. The identity Jr + /r = 1 is clear along the identity section Q, since 
/r is a multiplicative function and vr is tangent to Q which is a Legendrian submanifold 
of (Tc{Q),9r)- So to show that the statement holds at any point of Tc{Q) it is enough to 
show that {d{fr + Jr), Xf^t*u) = for functions u G C°°{Q), since hamiltonian vector fields 
^frt*u span kers*. The statement follows by two computations: first 

{dfr,Xf^t*u) = {dfr,frt*uEr + Ard{frt*u)) 

^^^^ =/r • {dfr, Ard{t*u)) = -/r • d{t*u)Xf^ = fr ■ E{u), 

where we used twice Er{fr) = and the fact that t is a — /r-Jacobi map. Second, 

{d{er{vr)),Xf^t*u) = -der{vr,Xf^t*u) = {-d{frt*u), {vr - er{vr)Er)) = -fr ■ E{u), 

where we use the fact that Cy^Or = in the first equality, the formula d6r{X(j,,w) = 
— {d4>,w^) valid for any function (p on a contact groupoid (where is the projection of 
the tangent vector w to ker 6-p along the Reeb vector field Er) in the second one, and in the 
last equality that Er{fr) ,vr{fr) ,^*Er all vanish and that the actions on Tc{Q) and Q 
are intertwined by the target map t. 

Since fr is multiplicative, it is clear that Jp ^(0) = /jr^(l) is a subgroupoid. 

Further Jf ^(0) is a smooth submanifold of TdQ): by Prop. 3.1.4 in [26j g € T^Q) is a 
singular point of Jr iff vr{g) is a non-zero multiple of E^ig). Since OriE-p) = 1 this is never 
the case if 5 G Jp ^(0), so is a regular value of Jr. 

To show that Jp (0) is a Lie subgroupoid we still need to show that its source and target 
maps are submersions onto Q. We do so by showing explicitly that (ker s,, nkerd/r) (which 
along Q will be the Lie algebroid of Jp ^(0)) has rank one less than kert^,; this is clear since 
by the first equation of Step 1 it is just {Xjpt*7r*D : v € C°°{P)}. 

For the proof of the source simply connectedness of the subgroupoid Ji^{0) we refer to 
Thm. 1131 

Step 2: The contact reduction Jf^{0)/S^ is the s.s.c. contact groupoid Tc{P) of P. 

Jp^(0)/5i is smooth because the action is free and proper, and by contact reduction 
it is a contact manifold, so we just have to show that the Lie groupoid structure descends 
and is a compatible one. 

The equivariance of the source and target maps of Tc{Q) ensure that source and 
target descend to maps Since the multiplication on Tc{Q) is 

equivariant, the multiplication on Jp^(O) induces a multiplication on Jp^(0)/S^. It is 
routine to check this makes Jp (0)/5^ into a groupoid over P. Further, since the source 
map intertwines the 5^ action on J~^(0) and the free 5"^ action on the base Q, the source 
fibers of Jp ^(O)/^^ will be diffeomorphic to the corresponding source fibers of Jp ^(0), hence 



The claim of Step 1 follows even without knowing the explicit formula for Jr. Indeed one can show 
that Jp ^(0) is a subgroupoid by means of the identity Jr[gh) — f{h)Jr(g) + Jrih), which is derived using 
the multiplicativity of 9t and the fact that vr is a multiplicative vector field (i.e. vrig) ■ vr{h) = vr(gh) ; 
this is just the infinitesimal version of the statement that the multiplication map is equivariant). Since 
Jp ^(0) is a smooth wide subgroupoid it is transverse to the s fibers nearby the identity, therefore its source 
and target maps are submersions and hence it is actually a Lie subgroupoid. 
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we obtain a s.s.c. Lie groupoid. Since Jr^(O) ^ Jr\0)/S^ is a surjective submersion, the 
/r-twisted multiplicativity of implies that the induced 1-form 9r is multiphcative, i.e. 
(Jj7^(0)/5^, ^r, /r) is a contact groupoid. 

In order to prove that the above contact groupoid corresponds to the original Poisson 
structure Ap on P, we have to show that the source map s : Jp^(0)/5^ ^ P is a Jacobi 
map (i.e. a forward Jacobi-Dirac map). Consider the diagram 

j^i(O) JrH0)/S^ 



Q P 

We adopt the following short-form notation: for a 1-form a, will denote the Jacobi- 
Dirac structure associated to a [22]. Then for the pullback Jacobi-Dirac structure we have 
i*Lg^ = Li*g^, where i is the inclusion of J]T^(0) into Tc{Q), and the reduced 1-form is 
recovered as ■7Tj^^i*Lg^ = Lg^. So by the functoriality of the pushforward, it is enough to 
show that 7r*s*Lj*gp, which by definition is 

(15) {((7ros),y,/)e(e,<7) : (F, /) ((vr o s)*^, 5) G L,.,,}, 

equals the Jacobi-Dirac structure given by Ap. First we determine which tangent vectors Y 
to Jp ^(0) and / G M have the property that i*{d9r{Y) + fO-p) annihilates ker(7ros)*, which 
using equation ([HI is equal to {Xjpt*7r*i; : v £ C°°{P)} © Mit- A computation similar to 
those carried out in Step 1 and using the explicit formula J = 1 — /r shows that this is 
the case when / = and ir^t^Y = 0, which by a computation similar to (fni) amounts to 
Y £ {Xs*n*v : V G C°°{P)}'S)Rvr. These will be exactly the "F" and "/" appearing in (fTsD: 
a short computation using the facts that the source map of Tc{Q) and ir are Jacobi maps 
shows that (fTSjl equals {(— Ap^,0) © (^,5) : ^ G T*P,g G R}, as was to be shown. 

Step 3: ((J]T"'^(0)/5^)/Z, 6'r) is the prequantization of the s.s.c. symplectic groupoid T s{P) 
of P. Here Z acts as a subgroup o/M by the flow of the Reeb vector field Ep. 
Consider the action on Jp ^(0)/S'^ by its Reeb vector field Er, which by the contact reduction 
procedure is the projection of the Reeb vector field Ey of rc(Q) under Jp ^(0) Jp ^(O)/^^. 

The t-image of a vy orbit is an orbit of the action on Q, since the target map is 5^ 
equivariant. Hence each vr orbit meets each t-fiber at most once. Further each Sr-orbit 
is contained in a single t-fiber (since t^Ep = 0), so an Ey orbit meets any orbit of the 5^ 
action on Tc{Q) at most once. Therefore the period of an Ey orbit and of the corresponding 
Ey orbit are equal, and the first period is always an integer number (because s^Ey = Eq, 
the generator of the circle action on Q). 

Now the we know that the periods of Ey are integers, we can just apply Theorems 2 and 
3 of [8] to prove our claim. □ 

4.2. Path space constructions and the general Dirac case. In this subsection we gen- 
eralize Thm. 14.21 allowing P to be a general Dirac manifold, using the explicit description 
of Lie groupoids as quotients of path spaces as a powerful tool. The generalization will be 
presented in Thm. |4T9]and Thm. 14.111 

Definition 4.3. Let vr : ^4 ^ M be a Lie algebroid with anchor p. The A-path space PaiA) 
consists of all paths a : [0, 1] ^ A satisfying ^(tt o a){t) = p{a{t)). 
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There is an equivalence relation in PaA, called A-homotopy [7]. 

Definition 4.4. Let a(t, s) be a family of A-paths which is in s. Assume that the base 
paths 7(t, s) := TT o a{t, s) have fixed end points. For a connection V on A, consider the 
equation 

(16) dtb- dsa = T^{a,b), b{0,s) = 0. 

Here Ty is the torsion of the connection defined by T^{a,l3) = Vp(^)Q! — Vp(fj) /? + [«,/?]. Two 
paths oo = a(0, •) and ai = a{l, •) are homotopic if the solution b{t, s) satisfies b{l, s) = 0. 

More geometrically, for every Lie algebroid A, (notice that tangent bundles are Lie alge- 
broids), we associate A a simplicial set <S'(^) = [...S2{A) ^ Si{A) =^ 5'o(^)] with, 

(17) Si{A) = homaigd{TA\ A) := {Lie algebroid morphisms TA* X A}, 

and face and deg eneracy maps : Sn {A) Sn-iiA) and sf : Sn{A) Sn+i{A) induced 
from the natual face and degeneracy maps A" A"~^ and A" — > A""*"^. Here A* is the 
i-dimensional standard simplex viewed as a smooth Riemannian manifold with boundary, 
hence it is isomorphic to the i-dimensional closed ball. Then as explained in [281 Section 2], 

• it is easy to check that Sq = M] 

• Si is exactly the yl-path space PaA; 

• bigons in 52 are exactly the ^-homotopies in PaA since a bigon / : T{d2)~^{TsQ{TA^)) 
A can be written as a{t, s)dt + b{t, s)ds over the base map ^{t, s) after a suitable 
choice of parametrizatioiu of the disk {d2)~^ {sl{A'^)) . Then we naturally have 
b{0,s) = /(0,s)(^) = and 6(1, s) = /(l,s)(^) = 0. Moreover the morphism is a 
Lie algebroid morphism if and only if a{t, s) and b{t, s) satisfy equation (fTHj) which 
defines the A-homotopy. 

The s.s.c. groupoid of any integrable Lie algebroid A can be constructed as the quotient 
of the A-path space by a foliation whose leaves consists of the A-paths that are A- 
homotopic to each other [7j. In particular the precontact groupoid {Tc{Q),6, /) of a Jacobi- 
Dirac manifold Q can be constructed via the A-path space Pa{L), with 9 and / coming 
from a corresponding 1-form and function on the path space. We refer to [8] [6] [17] and 
summarize the results in Thm. 14.51 below. The advantage of this method is that it can be 
used to generalize Theorem 14.21 to the setting of Dirac manifolds (see Theorems 14.91 and 
I4.11|) and that it can be applied to a general group G action as in [TQ|. 

Theorem 4.5. The s.s.c. precontact groupoid {Tc{Q),9-p, fr) of an integrable Jacohi-Dirac 
manifold {Q,L) is the quotient space of the A-path space Pa{L) by A-homotopies, and 9r 
and fr come from a 1-form 9 and a function f on Pa{L). At the point a = (04, 03, ai, oq) G 
Pa{L), where (04,03,01,00) are components in r(5 0M©T*Q©R, 9 and f are 

^^^^ 9a{X)=- (^e{t)X{t),d(^j^ ao{t)dt^^ dt + {e{t)X{t),pr*9c) dt, 

f{a) =e(l), with e{t) := e^o -^'^ 

where X is a tangent vector to Pa{L), hence a path itself (parameterized by t), andpr*9c is 
the pull-back via pr : L ^ T*Q of the canonical 1-form on T*Q. 



'We need the one with 7(0, s) — x and 7(1, s) = y for all s € [0, 1]. 
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Proof. The equation for / is taken from Prop. 3.5(i) of 0. It is shown there that / descends 
to the function /r on Tc{Q). To get the formula for 6, we recall from Section 3.4 of [8J that 
the following map is an isomorphism preserving A-homotopies: 



mapping (a, s) with base path 71 to d := e'^'^^^^a with base path (71, 70), where 70 := s—J^ 03. 
Here ip is the 1-cocycle on L given by {X, f) (^,5) 1— > /; Z M is the Lie algebroid on 
Q X M obtained from the Lie algebroid L and the 1-cocycle tp, and it is isomorphic to the 
Lie algebroid given by the Dirac structure on Q x M obtained from the "Diracization" of 
(g,L) (see Section 2.3 in [H]). 

The correspondence on the level of tangent spaces given by Tcp maps {6ji,6s,6a) to 
{6ji,5^o,6d) and satisfies 



We identify Z x^ R with the Dirac structure on Q x M given by the Diracization of {Q,L). 
Then on the whole space P{L x^ M) of paths in Z x^ M there is a symplectic form to coming 
from integrating the pull-back of the canonical symplectic form on T*{Q x M) (see Section 
5 in [3]). This form restricted to the ^-path space Pa{L x^ M) is homogeneous w.r.t. the 
M component, i.e. (psco = e^uj, where ips is the flow of ^ with s the coordinate of M. This 
is because (ps acts on vector fields 5di and Sd^ by rescaling by an factor as the formula 
of T(f) and 70 show. This homogeneity survives the quotient to groupoids as shown in [8]. 
Therefore comes from the 1-form 6 whose associated homogeneous symplectic form is w, 
i.e. 6 = —iQi{-^)uj. With a straightforward calculation and the formula of T(/), we have the 
formula ioxOm^. □ 

Remark 4.6. The formula for is a generalization of Theorem 4.2 in in the case Z that 
comes from a Dirac structure. To get the formula of the 1-form there up to sigr0, one just 
has to put e{t) = 1 which corresponds to the case that 03 = 0. 

In Lemma [2^ we constructed a Lie algebroid structure on t:*A, the pull back via tt : Q ^ 
P of any Lie algebroid A on P, provided there is a flat ^-connection D on the vector bundle 
K corresponding to the principal bundle Q. {7r*A turned out to be the transformation 
algebroid w.r.t. the action by the flat connection). Now we show some functorial property 
of algebroid paths in tt*A. Later in this section we will apply them to A = L^, for tt*L'^ 
is identified with a Lie subalgebroid of Z (Thm. I2.11I1 . whose integrating groupoid we can 
describe in term of ^-paths (Thm. 14. Sp . 



In |6] 1-forms on contact groupoids are so that the target map is a Jacobi map, whereas here we adopt 
the convention (as in |27| ) that the source map be Jacobi. 



^:Pa{L)xR^Pa{Lx^R) 
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Lemma 4.7. An A-path a in A can be lifted to an A-path in 'k*A. The same is true for 
A-homotopies. In other words, in the following diagram (for n = 1,2), 




any Lie algebroid morphism f : TA" — > A lifts to a Lie algebroid morphism from TA" to 

TT*A. 

Proof. Let 7 be the base path of an 74-path a, and let 7 be the parallel translation along a 
of some 7(0) G 7r~^(7(0)) as in the proof of Lemma 12.91 Denoting by Tr*a the lift of a to 
'K*A with base path 7, we have p{'K*a) = /iQ(a(7(t)), 7(t)) = d/dt{'y), with p the anchor of 
TT*A (see equation jG])). That is, 7r*a is an ^-path in 7r*A over 7. The lifting of a is not 
unique. In fact it is determined by the choice of a point in 7r~^(7(0)) as initial value. 

Now we prove the same statement for A-homotopies. Suppose a{e, t) is an A-homotopy 
over 7(e,t), i.e. there exist j4-paths (w.r.t. parameter e) b{e,t) also over 7 satisfying 

(19) dtb - d^a = V p{p)a - \7p(a)b + [a, b], 

and the boundary condition b{e,0) = 6(e, 1) = 0, for any choice of connection V on TP. 
As above, we can lift 7 to 7(e,i). In fact, once we choose 7(0,0), we can use 7(0,0) to 
obtain the lift 7(e,0) and then 7(e,t). (The lift does not depend on whether we lift 7(e,0) 
or 7(0, i) first, because the connection D is flat). Then 7r*a and 7r*6 are A-paths over 7 
w.r.t. parameters t and e respectively. Moreover, we choose a connection V on Q induced 
from the connection V on P such that VxhY" = (VxY)^, VxhE = 0, VeY" = 
and VeE = 0, where the superscript H denotes the horizontal lift with respect to some 
connection we fix on the circle bundle n : Q ^ P. (Since E{tt* f) = and {tt* f) = X{f) 
these requirements are consistent. In fact, the connection V on TQ = tt*TP ME' is just 
the sum of the pullback connection on ■k*TP and of the trivial connection). Now we will 
prove that 7r*a and TT*b satisfy (fT9]l w.r.t. V. Notice that {TT*r],V eX) = for all vector 
fields X, so we have 

V£;7r*?7 = 0, V. s_ ^H7^*r/ = 7r*(V a. r/). 

Therefore 'V d_-'ir*7] = vr*(V^ ry). So deiT*a = 7r*(5ea). The same is true for 7r*b. Moreover, 

since p{TT*a) = {p{a))^ + {[3,a)E (upon writing D as in equation jS]) and denoting by ^ 
the horizontal lift w.r.t. kero"), similarly we have Vp(^*a)7r*6 = vr*(Vp(a)^) as well as the 
analog term obtained switching a and b. By the definition of Lie bracket on -k* A, we also 
have [7r*a, 7r*6] = 7r*([a, 6]). Therefore a, b satisfying (fT9l) implies that the same equation 
holds for 7r*a and 7r*6. The boundary condition vr*6(e, 0) = 7r*6(e, 1) = is obvious. Hence, 
Ti*a is an A-homotopy m. tt* A. □ 

Remark 4.8. We claim that all the A-paths and A-homotopies in -k* A are of the form 7r*a. 
Indeed consider a tt* A path a over a base path 7, i.e. p{a(t)) = ^^{t). Let 7 := vr o 7 and 
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let a{t) be equal to a{t), seen as an element of ^^(j)- The commutativity of 

^ TQ 

A -f^ TP 

implies that a is an ^-path over 7. Further, the horizontal lift of o starting at 7(0) satisfies 
by definition ^j{t) = /iQ(a(7(i)), 7(t)), so it coincides with 7. The same holds for A- 
homotopies. 

The next theorem generalizes Thm. 14.2b ). 

Theorem 4.9. Let {P, L) be an integrable prequantizable Dirac manifold and {Q,L) one 
of its prequantization. We use the notation [■]a to denote A-homotopy classes in the Lie 
algebroid A. Then we have the following results: 

(1) there is an action on the precontact groupoid Tc{Q) with moment map Jr = 1 — /r; 

(2) Jp ^(0) is a source connected and simply connected subgroupoid of T^iQ) and is 
isomorphic to the action groupoid Tc{P) v. Q ^ Q. 

(3) In terms of path spaces, 

Jri(0) = {k*a]i} = {[^*a]£j, 

where a is an A-path in L'^ and 7r*a is defined as in Lemma [i/. 7| (we identify 7r*L'^ 
with Lq C L as in Thm. \2.11]) . Hence the Lie algebroid of Jj7 (0) is Lq = J~^(0) 
(see Prop. \3^ . 

(4) the precontact reduction Tc{Q)//oS^ is isomorphic to the s.s.c. contact groupoid 
^c{P) via the inverse of the following map 

p : [a]Lo ^ [7r*a]i,5i, 

where [■] 51 denotes equivalence classes o/[-]^. 

Remark 4.10. The isomorphism p gives the same contact groupoid structure on T'dQ)/ /oS^ 
as in Theorem 14.21 in the case when P is Poisson. 

Proof. 1) The definition of the action is the same as in Theorem 14.21 Jr is defined by 
Jrid) = Gr{vr{g)), where vr is induced by the action on Q hence on L. More explicitly, 
T{Pa{L)) is a subspace of the space of paths in TL. If we take a connection V on Q, then 
TL decomposes as TQ © L. At (04,03,01,00) S Pa{L) the infinitesimal 5^ action v on the 
path space is u = {E{'^{t)), *, *, *, 0). So 

Jr(H) = Uv) = [\{ai{t),E)e-I>^''^^''')dt = - d(e- /o W-^)'^*) = 1 - /r. 
Jo Jo 

2) By 1) Jjr^(O) = /]T^(1). Since /r is multiplicative, it is clear that f^^{l) is a 
subgroupoid. Moreover using Thm. 14.51 we see that fj^^{l) is made up by paths a = 
(04, 03, oi, oo) such that 

(20) / {ai{t),E)dt = 0. 

Jo 

Notice that this are not exactly the same as A-paths in Lq, which are the j4-paths such that 
{ai{t),E) = for all t G [0, 1] (see Thm. [2TTD . 
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Now we show that JjT (0) is source connected. Take g € s^^(x), and choose an ^-path 
a{t) representing g over a base path -f{t) : I Q. We will connect g to x within Jp (0) fl 
s~^(a;) in two steps: first we deform g to some other point h which can be represented by 
an ^-path in Lq; then we "linearly shrink" h to x. 

Suppose the vector bundle L is trivial on a neighborhood U of the image of 7 in Q. 
Choose a frame Yq, . . . , IdimQ for L\u, with the property that Yq = {—A^, 1) (o" — 7r*a, 0) 
(with a, A and a as in Thm. I2.4h and that all other Yi satisfy {ai,E) = 0. In this frame, 
a{t) = ^^l™'^Pj(i)^il7{t) foi' some time-dependent coefficients Pi{t). Define the following 
section of L\u: 1^^ = (1 — e)po{t)Yo + Yli=i^ Piit)^i- Define a deformation j{e,t) of j{t) 
by 

^jie,t) = piYt,,), j{e,0)=x, 

where p is the anchor of L (one might have to extend U to make 7(e,t) € U for t € [0, 1]). 
Let a{e,t) := yt^el7(€,t)- For each e it is an A-path by construction, and a(0,t) = a{t). Using 
g G Jp ^(0) (so that JjPo{t)dt = 0) we have 

/ {a,{e,t),E)dt= / {{l-e)pQ{t)Yo+y^ Piit)Yi,iE,0,0,0))-dt = (l-e) poit)dt = 0, 
Jo Jo ~i Ji 

so [a(e, •)] lies in Jp ^(0). Notice that a{l,t) satisfies {ai{l,t), E) = for all t; hence an A- 
path in Lq. We denote h := [a{l,t)] and define a continuous map pr : Pa{L\u) Pa(Lo|c/) 
by a{t) 1-^ a(l, t). 

Then we can shrink linearly a{l,t) to the zero path, via a^{l,t) := 6a{l,6t) which is 
an ^-path over 7(1, Taking equivalence classes we obtain a path from h to x, which 
moreover lies in J^^{0) because {ai{l,t), E) = 0. 

Now we show that Jp^(O) is source simply connected. If there is a loop g{s) = [a{l,s,t)] 
in a source fibre of JjT (0), then g{s) can shrink to x := s{g{s)) inside the big (s.s.c!) 
groupoid Tc{Q) via g{e,s) = [a{e,s,t)]. We can assume a{e,s,t) = sa(e, This is easy 

to realize since we can simply take a{e,s,t) = g{e, st)~^d/dt{g{€, st)). Then the a(i, l,-)'s 
are 74-paths in Lq for i = 0, 1. This is because both g{s) and x are paths in JjT^(O) which 
implies Jq sa{i,l,st) = for all s £ [0,1]. Moreover the base paths 7(e,s,t) form an 
embedded disk (one can assume that the deformation g{e,s) has no self-intersections) in Q. 
So we can take a simply connected open set (for example a tubular neighborhood of this 
disk) U C Q containing 7(e,s,t). Then L\u is trivial. Therefore there is a continuous map 
pr such that a(e, 1, •) = pr{a{e, 1, •)) is an A-path in Lq and a(l, 1, •) = a(l, 1, •). Then we 
can shrink g{s) = g{l, s) to x = g{0, s) via 

g{e,s) := [sa{e,l, st)], 

which is inside of Jp^(O) since {ai{e,l,t), E) = 0. 

3) To show that Jp ^(0) = {[vr*a]j^}, we just have to show that an A-path in L satisfying 
(f20]l is ^-homotopic (equivalent) to an A-path lying contained in Lq. Since Jp^(O) has 
connected source fibres, given a point g = [a] in Jp (0), there is a path g{t) connecting g 
to s{g) lying in Jp (0). Differentiating g{t) we get an A-path b{t) = g{t)~^g{t) which is A- 
homotopic to a and sb{st) represents the point g{st) G J~^(0). Therefore Jq {sbi{st), E)dt = 
0, for all s G [0, 1]. Hence {bi{t),E) = for all t G [0, 1], i.e. 6 is a path in Lq. 
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To further show that JjT (0) = {[vr*a]j^jj}, we only have to show that if two ^-paths in 
Lq are ^d-homotopic in L then they are also A-homotopic in Lq. Let a(l, •) and a(0, •) be 
two ^-paths in Lq, A-homotopic in L and representing an element g G Jp^(O). Integrate 
sa{i,st) to get g{i,t) for i = 0,1. Namely we have sa{i,st) = g{i,s)~^-^\t=sg{i,t). Then 
g{i,t) are two paths connecting g and x := s{g) lying in the subgroupoid Jp ^(0) since a{i,t) 
are paths in Lq. Since the source fibre of Jp ^(0) is simply connected, there is a homotopy 
g{e,t) G Jy^{^) linking (7(0, t) and g{l,t). So sa{e,st) ■= g{e, s)~^ ■^\t=sgie,t) is an A-path 
in the variable t representing the element g{€, s) G Jp (0) for every fixed s. Hence sa{e, st) 
satisfies ([20]) for every s G [0,1]. Therefore {ai{e,t), E) = 0. Then a{e,t) C Lq is an 
^-homotopy between a{0,t) and a{l,t). 

Therefore Jp ^(0) is the s.s.c. Lie groupoid integrating J~^(0) = Lq. 

4) First of all, given an ^-path a of L^ over the base path 7 and a point 7(0) over 7(0) in 
Q, we lift it to an A-path 7r*a of L as described in Lemma l47l By the same lemma, we see 
that (L^) ^-homotopic A-paths in L^ lift to (Lq) ^-homotopic A-paths in ■k*L^ = Lq C L, 
so the map p is well defined Different choices of 7(0) give exactly the orbit of (some choice 
of) [7r*a]j^. Surjectivity of the map p follows from the statement about ^-paths in Remark 
14.81 Injectivity follows from the fact that {[vr*a]j^} = {[vr*a]]^jj} in 3) and the statement 
about A-homotopies in Remark 14.81 □ 

We saw in Subsection 13.21 that, given any integrable Dirac manifold {P,L), there are 
two groupoids attached to it. One is the presymplectic groupoid r<j(P) integrating L; 
the other is the precontact groupoid Tc{P) integrating L^. In the non-integrable case, 
these two groupoids still exist as stacky groupoids carrying the same geometric structures 
(presymplectic and precontact) [H]. In this paper, to simplify the treatment, we view them 
as topological groupoids carrying the same name and when the topological groupoids are 
smooth manifolds they have additional presymplectic and precontact structures. Item (4) of 
the following theorem generalizes Thm. 14.2b ). The other items generalize from the Poisson 
case to the Dirac case Theorem 2 and 3 in [8] and a result in [2]. 

Theorem 4.11. For a Dime manifold {P,L), there is a short exact sequence of topological 
groupoids 

i^g^ r,(p) ^ TsiP) ^ 1, 

where Q is the quotient of the trivial groupoid Wx P by a group bundle V over P defined by 
Vx :={ / '■ [7] S '^2{F^x) and J is the base of an 

A-homotopy between paths representing in L.}, 

with F the presymplectic leaf passing through rc G P and ojp the presymplectic form on F. 
In the case that {P, L) is integrable as a Dirac manifold, then 

(1) the presymplectic form Q. on Ts[P) is related to the precontact form 6 on Tc{P) by 

T*de = n, 

and the infinitesimal action RofWon Tc{P) via W x P ^ Q satisfies 

CrO = 0, i{R)e = 1. 

(2) R is the left invariant vector field extending the section (0, 0)©(0, —1) of L'^ C £^{P) 
as in Cor. \A.S^ 

(3) the group Vx is generated by the periods of R; 
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(4) '^siP) is prequantizable ijfVcPxZ; in this case its prequantization is Tc{P)/1', 
where Z acts on ^dP) as a subgroup o/M. 

(5) If P is prequantizable as a Dirac manifold, then Ts{P) is prequantizable. 

Proof. The proof of (1) and (4) is the same as Section 4 of \8\. One only has to replace the 
Poisson bivector vr by T and the leaf- wise symplectic form of n hy LOp. (3) is clear since R 
generates the M action and Q = M/P. 

For (2), we identify (0,0) © (0,-1) with a section of kert^. using Lemma [A. II and then 
extend it to a left invariant vector field on J~^{0)/S^. Using Cor. IA.2I we see that the 
resulting vector field is killed by s^, and d^r and that it pairs to 1 with Or, so by the 
"non-degeneracy" condition in Def. 13.71 it must be equal to R. 

For (5), if P is prequantizable as a Dirac manifold, then T = p*Q + dLP for some integral 
form O on P and (3 € r(L*). Suppose / = ade + bdt is a Lie algebroid homomorphism from 
the tangent bundle TD of a square [0, 1] x [0, 1] to L over the base map 7 : □ — > P, i.e. 
a{e,t) is an A-homotopy over 7 via b{e,t) as in (fTOl) . Denoting by ujp the presymplectic 
form of the leaf F in which 7(0) lies, we have (see also Sect. 3.3 of [2j), 

= / f*ip*n + dLf3)= [ f*{p*n)= [ j*u;= [uez 

JD Jo Jn J7 

where we used T = p*ujf in the second equation and f*dL(3 = dduif* 13) in the fifth. □ 

4.3. Two examples. We present two explicit examples for Thm. 14.21 14.91 and 14.111 
The first one generalizes Example 14. 1[ 

Example 4.12. Let {P,io) be an integral symplectic manifold (non necessarily simply con- 
nected), and {Q,0) a prequantization. The s.s.c. contact groupoid of {Q,6) is (Q X7ri(Q) 
Q X W,—e~^9i + 02, e~^) where Q denotes the universal cover of Q. As in Example 
14.11 the moment map is given by Jr = — + 1 and the reduced manifold at zero is 
HQ ^ni{Q) Q)/S^j [—(^1 + ^2]), where 7Ti{Q) acts diagonally and the diagonal 5^ action is 
realized by following the Reeb vector field on Q. 

Notice that the Reeb vector field of {Q >^ni{Q) Q)/ is the Reeb vector field of the second 
copy of Q. Dividing Q by Z C (Flow of Reeb v.f.) is the same as dividing by the vri(Q) 
action on Q, where Q is the pullback of Q ^ -P via the universal covering P ^ P. To see 
this use that 7ri(Q) is generated by any of its Reeb orbits (look at the long exact sequence 
corresponding to 5^ — > Q — > P), and that the Reeb vector field of Q is obtained lifting the 
one on Q. Also notice that 7ri(Q) embeds into vri((5) (as the subgroup generated by the 
Reeb orbits of Q) and that the quotient by the embedded image is isomorphic to vri(P), by 
the long exact sequence for Q P. So the quotient of {Q Xm^Q) Q)/S^ by the vri((5) 

action on the second factor is {Q Xtti{p) Q)/S^ where we used Q/vri(Q) = Q on each factor. 
This groupoid, together with the induced 1-form [—^1 + ^2], is clearly the prequantization 
of the s.s.c. symplectic groupoid {P 'Xnx(p) P-,—^1 +^2) of {P-,'^)- 

In the second example we consider a Lie algebra g. Its dual g* is endowed with a linear 
Poisson structure A, called Lie-Poisson structure, and the Euler vector field A satisfies A = 
—d\A where c^a is the Poisson cohomology differential. So the prequantization condition ([3]) 
for (0*, A) is satisfied, with = and (3 = A. We display the contact groupoid integrating 
the induced prequantization {Q, L) for the simple case that g be one dimensional; then 
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we show that (a discrete quotient of) the contact reduction of this groupoid is the 
prequantization of the symplectic groupoid of 0*. 

Example 4.13. Let g = M be the one- dimensional Lie algebra. We claim that the prequan- 
tization Q = X g* of Q* as above has as a s.s.c. contact groupoid Tc{Q) the quotient 
of 

(21) (M^x^^e-e*(^0l + d02,e*) 

by the diagonal Z action on the variables (^i, ^2)- Here the coordinates on the five factors of 
are {9i,t, e, 62, x). The groupoid structure is the product of the following three groupoids: 
M X M = {{01,62)} the pair groupoid; M x M = {(t, x)} the action groupoid given by the 
flow of the vector field —xdx on M, i.e. {t',e~^x) ■ {t,x) = {t' + t,x); and M = {e} the group. 

To see this, first determine the prequantization of (5*, A): it is Q = 5*^ x R with Jacobi 
structure {E A xdx,E), where E = dg is the infinitesimal generator of the circle action and 
xdx is just the Euler vector field on g* (see [4]). This Jacobi manifold has two open leaves, 
and we first focus on one of them, say = x R+. This is a locally conformal symplectic 
leaf, with structure {d9A^,^). 

We determine the s.s.c contact groupoid Tc{Q+) of {Qj^,d9 A ^,^) applying Lemma 
IB. II (choosing g = logx, so that e~^Cl = d{x^^d6) there). We obtain the quotient of 

(Q+ X M X Q+, X2de - —dOi + d^s, — ) 

Xl Xl 

by the diagonal Z action on the variables (6*1,6*2). Here i6i,Xi) are the coordinates on the 
two copies of the universal cover = M x R_|_ and e is the coordinate on the R factor. 
The groupoid structure is given by the product of the pair groupoid over Q+ and group R. 
This contact groupoid, and the one belonging to Q- = x R_, will sit as open contact 
subgroupoids in the contact groupoid of Q, and the question is how to "complete" the disjoint 
union of Tc{Q+) and Tc{Q-) to obtain the contact groupoid of Q. A clue comes from the 
simplest case of groupoid with two open orbits and a closed one to separate them, namely 
the transformation groupoid of a vector field on R with exactly one zero. The transformation 
groupoid associated to —xdx is R x R = {(t, x)} with source given by x, target given by 
e~*x and multiplication (t',e~*x) • {t,x) = it' + t,x). Notice that, on each of the two open 
orbits R+ and R_ the groupoid is isomorphic to a pair groupoid by the correspondence 
(t, x) G R X R-t 1-^ (e~*x,x) € R± x R-t, with inverse (xi,X2) ^ {\og{^),X2). 

Now we embed Tc{Q+) into the groupoid Tc{Q) described in (f2T]l by the mapping 

(6'i,xi,e,6'2,X2) 1-^ ^6*1, t = log(^),e,6'2,x = X2^ , 

and similarly for Tc{Q-)- The contact forms and function translate to those indicated in 
(f2T]l . which as a consequence also satisfy the multiplicativity condition. One checks directly 
that the one form is a contact form also on the complement {x = 0} of the two open 
subgroupoids. Therefore the one described in ([2T]) is a contact groupoid, and since we know 
that the source map is a Jacobi map on the open dense set sitting over (5+ and it is 
the contact groupoid of (Q, E A xdx,E). 

Now we consider the contact reduction of the above s.s.c. groupoid TdQ). As shown 
in the proof of Theorem 14.21 the moment map is Jr = 1 — /r = 1 — e*, so its zero level 
set is {t = 0}. The definition of moment map and the fact that the infinitesimal generator 
vr of the action projects to E both via source and via target imply that on {t = 0} 
we have vr = (Sg^ , 0, 0, , 0). So J^^{0)/S^ is R^ with coordinates {9 := 62 — 9i,e,x), 
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1-form d9 + xde, source and target both given by x and groupoid multiplication given by 
addition in the 9 and e factors. Upon division of the 9 factor by Z (notice that the Reeb 
vector field of Tc{Q) is de^) this is clearly just the prequantization of T*M, endowed with 
the canonical symplectic form dxAde and fiber addition as groupoid multiplication, i.e. the 
prequantization of the symplectic groupoid of the Poisson manifold (M, 0). 

Appendix A. Lie algebroids of precontact groupoids 

Lemma A.l. Let (F, 9r, fr) be a precontact groupoid (as in Definition \3. 7|) over the Jacohi- 
Dirac manifold {Q,L), so that the source map be a Jacohi-Dirac map. Then a Lie algehroid 
isomorphism between kers4,|Q and L is given by 

(22) Y ^ (t,y, -rr,Y) {-d9r{Y)\TQ, 9r{Y)) 

where e~'^^ = fr- A Lie algebroid isomorphism between kert^,|Q and L (obtained composing 
the above with for i the inversion) is 

(23) Y ^ {s,Y,rr,Y) ® {d9r{Y)\TQ,-9r{Y)) 

Proof. Consider the groupoid F x R over Q x R with target map t{g., t) = {t{g),t — rr{g)) and 
the obvious source s and multiplication. (F x M, (i(e*^r)) is then a presymplectic groupoid 
with the property that s is a forward Dirac map onto {Q x M, L), where 

Lig,t) = {{X, f) e\i, g) : (X, /) (C, g) G 

is the "Diracization" ([25][l7j) of the Jacobi-Dirac structure L and t is the coordinate on M. 
In the special case that L corresponds to a Jacobi structure this is just Prop. 2.7 of [8]; in 
the general case (but assuming different conventions for the multiplicativity of 9y and for 
which of source and target is a Jacobi-Dirac map) this is Prop. 3.3 in [17]. We will prove 
only the first isomorphism above (the one for kers^^lg); the other one follows by composing 
the first isomorphism with i^, . Now we consider the following diagram of spaces of sections 
(on the left column we have sections over Q, on the right column sections over Q x M): 

F(kers^,|Q) > F(kers*|QxK) 

r(Z) L. 

The first horizontal arrow is 1^ ^ Y ^ where the latter denotes the constant extension of 
Y along the M direction of the base Q x M. Notice that the projection : F x M ^ F is 
a groupoid morphism, so it induces a surjective Lie algebroid morphism pr^ : kers,,|QxR — »■ 
kers^,|Q. Since sections Y as above are projectable, by Prop. 4.3.8. in [15| we have 
pr*[li,l2] = [^1,5^2], and since pr^ is a fiberwise isomorphism we deduce that $s is a 
bracket-preserving map. 

The vertical arrow $ is induced from the following isomorphism of Lie algebroids (Cor. 
4.8 iii of [sj^ ) valid for any presymplectic manifold (f , O) over a Dirac manifold {N, L) for 
which the source map is Dirac: 

kers^,|Ar^Z, Z {i^Z, —^}{Z)\tn)- 
In our case, as mentioned above, the presymplectic form is d{e^9r). 



In [3J the authors adopted the convention that the target map be a Dirac map. Here we use their result 
applied to the pre-symplectic form — f2. 
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The second horizontal arrow is the natural map 

{X, f) e (e, 9)eL,^ {X, f) e e*(e, g) e L^g,t) 

which preserves the Lie algebroid bracket (see the remarks after Definition 3.2 of [25J). 

One can check that o $s)(^) = (t*y) © {-d{e'-9r){Y)\TQxR) lies in the image of 
the injective map The resulting map from r(kers^,) to T{L) is given by (f22l) and the 
arguments above show that this map preserves brackets. Further it is clear that this map of 
sections is induced by a vector bundle morphism given by the same formula, which clearly 
preserves not only the bracket of sections but also the anchor, so that the map kers^flg — > L 
given by ([22]) is a Lie algebroid morphism. 

To show that it is an isomorphism one can argue noticing that ker s,,, and L have the same 
dimension and show that the vector bundle map is injective, by using the "non-degeneracy 
condition" in Def. 13.71 and the fact that the source and target fibers of F x M are pre- 
symplectic orthogonal to each other. □ 

The vector bundle morphisms in the above lemma give a characterization of vectors 
tangent to the s or t fibers of a precontact groupoid as follows. Consider for instance a 
vector A in Lx, where L is the Jacobi-Dirac structure on the base Q. This vector corresponds 
to some Yx € kert^, by the isomorphism (f23]) . and by left translation we obtain a vector 
field Y tangent to t~^{x). Of course, every vector tangent to t~^{x) arises in this way for 
a unique A. The vector field Y satisfies the following equations at every point g of t^^(x), 
which follow by simple computation from the multiplicativity of 9r'- GriYg) = ^r(^x), 
dOriYg, Z) = der{Yx,s,Z) - rr.Yx ■ 9riZ) for all Z e T^F, rr.Yg = rr.Yx and s,Yg = s,Yx. 
Notice that the right hand sides of this properties can be expressed in terms of the four 
components of A € £^{Q)^ and that by the "non-degeneracy" of these properties are 
enough to uniquely determine Yg. We sum up this discussion into the following corollary, 
which can be used as a tool in computations on precontact groupoids in the same way that 
hamiltonian vector fields are used on contact or symplectic groupoids (such as the proof of 
Thm. 1121): 

Corollary A. 2. Let (F, ^r, /r) be a precontact groupoid (as in Definition \3. 7|) and denote by 
L the Jacobi-Dirac structure on the base Q so that source map is Jacobi-Dirac. Then there 
is bisection between sections of L and vector fields on F which are tangent to the t-fibers and 
are left invariant. To a section {X,f) © {^,g) of L C £^{Q) corresponds the unique vector 
field Y tangent to the t-fibers which satisfies 
. OriY) = -g 

• dOriY) = s*C - f0r 

• s,y = X. 

Y furthermore satisfies rr^,Y = f . 

Appendix B. Groupoids of locally conformal symplectic manifolds 

A locally conformal symplectic (l.c.s.) manifold is a manifold {Q,VL,uj) where is a 
non-degenerate 2-form and w is a closed 1-form satisfying dVL = uj f\VL. Any Jacobi manifold 
is foliated by contact and l.c.s. leaves (see for example [27]); in particular a l.c.s. manifold 
is a Jacobi manifold, and hence, when it is integrable, it has an associated s.s.c. contact 
groupoid. In this appendix we will construct explicitly this groupoid; we make use of it in 
Example [4l3l 
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Lemma B.l. Let {Q,n,uj) a locally conformal symplectic manifold. Consider the pullback 
structure on the universal cover {Q,^l,uj), and write Co = dg. Then Q is integrable as a 
Jacobi manifold iff the symplectic form e~^0 is a multiple of an integer form. In that case, 
choosing g so that e~^Q. is integer, the s.s.c. contact groupoid of {Q,Q,uj) is the quotient of 

(24) (^RxKR,e^"3{-ai+a2),C^y 

a groupoid over Q, by a natural tti{Q) action. Here {R,d) is the universal cover (with 
the pullback 1-form) of a prequantization {R,cr) of {Q,e~3Q), and the group M acts by the 
diagonal lift of the action on R. 

Proof. Using for example the Lie algebroid integrability criteria of one sees that (Q, Jl, w) 
is integrable as a Jacobi manifold iff ((5,r2,tD) is. Lemma 1.5 in Appendix I of ^27j states 
that, given a contact groupoid, multiplying the contact form by s*u and the multiplicative 
function by gives another contact groupoid, for any non-vanishing function u on the 
base. Such an operation corresponds to twisting the groupoid, viewed just as a Jacobi 
manifold, by the function s*u~^, hence the Jacobi structure induced on the base by the 
requirement that the source be a Jacobi map is the twist of the original one by . So 
{Q,ri,Lb) is integrable iff the symplectic manifold ((5,e~^r2) is Jacobi integrable, and by 
Section 7 of [8] this happens exactly when the class of e~^VL is a multiple of an integer one. 

Choose g so that this class is actually integer. A contact groupoid of (Q, e~^^) is clearly 
{Rxgi R, [— cJi -I-CJ2], 1), where the action on i? x i? is diagonal and "[ ]" denotes the form 
descending from R x R. This groupoid is not s.s.c; the s.s.c. one is -R i2, where the M 
action on R is the lift of the action on R. The source simply connectedness follows since 
M acts transitively (even though not necessarily freely) on each fiber of the map R —> and 
this in turns holds because any orbit in R generates vri(i?) and because the fundamental 
group of a space always acts (by lifting loops) transitively on the fibers of its universal cover. 

By the above cited Lemma from [27] we conclude that ([241) the s.s.c. contact groupoid 
of {Q,Q,uj). The fundamental group of Q acts on Q respecting its geometric structure, 
so it acts on its Lie algebroid T*Q x M. Since the path-space construction of the s.s.c. 
groupoid is canonical (see Subsection 14. 2|) . 7ri{Q) acts on the s.s.c. groupoid (|24l) preserving 
the groupoid and geometric structure. Hence the quotient is a s.s.c. contact groupoid 
over {Q,Cl,ijj), and its source map is a Jacobi map, so it is the s.s.c. contact groupoid of 
(Q,0,cj). □ 

Appendix C. On a construction of Vorobjev 

In Section [2] we derived the geometric structure on the circle bundles Q from a prequan- 
tizable Dirac manifold {P,L) and a suitable choice of connection D. In this appendix we 
describe an alternative attempt; even though we can make our construction work only if we 
start with a symplectic manifold, we believe the construction is interesting on its own right. 

First we recall Vorobjev's construction in Section 4 of [21], which the author there uses 
to study the linearization problem of Poisson manifolds near a symplectic leaf. Consider 
a transitive algebroid A over a base P with anchor p; the kernel ker /? is a bundle of Lie 
algebras. Choose a splitting 7 : TP A of the anchor. Its curvature R^ is a 2-form on P 
with values in r(ker p) (given by i?-y(z;, w) = [yv, ^ywjA—^iv, w]). The splitting 7 also induces 
a (TP-)covariant derivative V on ker p by VyS = [7^,5]^ • Now, if P is endowed with a 
symplectic form w, a neighborhood of the zero section in (ker p)* inherits a Poisson structure 
^vert + ^hor sls follows (Theorem 4.1 in [21]): denoting by Fg the fiberwise linear function 
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on (ker/j)* obtained by contraction with the section s of kerp, the Poisson bivector has a 
vertical component determined by Aj;(.rt{dFs-^,dFs^) = F[si,s2]- It also has a component Ahor 
which is tangent to the Ehresmann connection Hor given by the dual connectior^l to V on 
the bundle (ker/>)*; Ahor at e G (ker p)* is obtained by restricting the non-degenerate form 
u — {R^/, e) to HoVe and inverting it. (Here we are identifying Hore and the corresponding 
tangent space to P.) 

To apply Vorobjev's construction in our setting, let {P,uj) be a prequantizatible sym- 
plectic manifold and {K, V k) its prequantization line bundle with Hermitian connection of 
curvature 2T^iuj. By Lemma [2^ we obtain a flat TP (Bu) K-connection D^^xj) = ^ x + 27ri/ 
on K . Now we make use of the following well know fact about extensions, which can be 
proven by direct computation: 

Lemma C.l. Let A he a Lie algebroid over M , V a vector bundle over M , and D a flat 
A-connection on V. Then A(BV becomes a Lie algebroid with the anchor of A as anchor 
and bracket 

[{YuSi),iY2,S2)] = {[YuY2U,Dy,S2-Dy,Si). 

Therefore A := TP R © is a transitive Lie algebroid over P, with isotropy bundle 
ker /? = M © K and bracket [(/i, Si), (/2, ^2)] = [(0, 27ri(/i52 — /2'S'i)] there. Now choosing 
the canonical splitting 7 of the anchor TM (Boj M © -fC — > TM we see that its curvature 
is R-y{Xi, X2) = (0, a;(Xi, X2), 0). The horizontal distribution on the dual of the isotropy 
bundle is the product of the trivial one on M and of the one corresponding to S/k on K 
(upon identification of K and K* by the metric). By the above, there is a Poisson structure 
on M © -fC, at least near the zero section: the Poisson bivector at (t, q) has a horizontal 
component given by lifting the inverse of (1 — t)uj and a vertical component which turns out 
to be 27r{iqdq) Adt, where "ig9g" denotes the vector field tangent to the circle bundles in K 
obtained by turning by 90° the Euler vector field qdq. A symplectic leaf is clearly given by 
{t < 1} X Q (where Q = {\q\ = 1}). On this leaf the symplectic structure is seen to be given 
by (1 — t)uj + 6 A dt = d((l — t)6), where 9 is the connection 1-form on Q corresponding 
to the connection Vk on K (which by definition satisfies d6 = Tr*u>). This means that 
the leaf is just the symplectification (M+ x Q,d{r6)) of {Q,9) (here r = 1 — t), which is a 
"prequantization space" for our symplectic manifold (-P, w). Unfortunately we are not able 
to modify Vorobjev's construction appropriately when P is a Poisson or Dirac manifold. 
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